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Part I
The abstract of the project
This project focuses on nontrivial solutions of systems of differential equations characterized by strongly
nonlinear interactions. In our cases, the configuration space is typically multi-dimensional or even infinite-
dimensional, and we are interested in the effect of the nonlinearities on the emergence of non trivial self-organized
structures. Such patterns correspond to selected solutions of the differential system possessing special sym-
metries or shadowing particular shapes. We want to understand, from the mathematical point of view, what
are the main mechanisms involved in the aggregation process in terms of the global variational structure of
the problem. Therefore we will consider cases where (a) the interaction becomes the prevailing mechanism,
(b) the equations are very far from being solved explicitly, and (c) the problems can not be seen in any extent
as perturbations of simpler (e.g. integrable) systems. Following this common thread, we deal with

• attractive interactions: as in the classical N -body problem of Celestial Mechanics, where the balance be-
tween attraction and centrifugal effects produces solutions showing complex patterns. More precisely,
we are interested in periodic and bounded solutions and parabolic trajectories with the final intent of proving
density of periodic solutions and the occurrence of chaos. This will be achieved through the interme-
diate, but still fundamental, goal of detecting the presence of symbolic dynamics, through the study of
symmetric and complex periodic solutions and theire Morse indices. The classification of periodic so-
lutions will be related, through the ζ-function and the trace formula, to the spectrum of the assocuated
Schrödinger operator.

• repulsive interactions: as in competition-diffusion systems, where pattern formation is driven by strongly
repulsive forces. Our ultimate goal is to capture the geometry and analysis of the phase segregation,
including its asymptotic aspects and the classification the solutions of the related PDE’s. We deal with
elliptic, parabolic and hyperbolic systems of differential equations with strongly competing interaction
terms, modeling both the dynamics of competing populations (Lotka-Volterra systems) and other rel-
evant physical phenomena, among which the phase segregation of solitary waves of Gross-Pitaevskiǐ
systems arising in the study of multicomponent Bose-Einstein condensates.
Below, we give a pictorial idea of the emergence of nontrivial patterns, in the two paradigmatic cases of
the twenty four body problem with equal masses and five competing species sharing the same territory.
Note that both solutions are energy minimizers in suitable spaces .

This proposal aims at approaching all these different problems with the same basic methodology which
relies on the common variational structure of these problems. There is a remarkable unity in methodology across
the different parts of the project. Our mosaic tiles are:

• Asymptotic analysis. The study of the effect of singularities (or singular limits) on the profiles of the
solution shows striking similarities between classical and quantum systems and free boundary prob-
lems, and it draws, in the essential points, the most crucial elements of the classical theory of minimal
surfaces. The monotonicity formulæ, adjusted for the different cases, the blow-up analysis, the classification
of the limiting (conic) solutions equivariant by dialation, along with the appropriate tools of dimensional
reduction, underpin the asymptotic analysis of solutions.

• Entire solutions. Equilibrium configurations, of course, play a fundamental role. Other simple, yet
nontrivial, patterns also appear naturally as symmetric extremals of the associated energies. G-equivariant
Morse Theory is the key tool for this exploration. On the other hand, entire solutions also carry transi-
tions from one configuration to another: this is the case of parabolic trajectories in Celestial Mechanics and
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entire solutions of competition-diffusion systems. Entire solutions also heavily enter in the blow-up
analysis, as they represent the limiting profiles in some scaling process.

• Gluing techniques. Having gathered different types of elementary solutions, the next step consists
of gluing them to build more complex patterns. Gluing can be done, once more, using global variational
techniques, or other methods. This can be done, e.g., by the broken geodesics argument, in the case
of trajectories of Classical and Quantum Mechanics, or by other types of reductions, e.g. by solving
optimal partition problems, as in the case of competition-diffusion systems.

A feature of this project rests in the interchange of attack strategies between the field of Hamiltonian
systems in finite dimension and that of partial differential equations and systems in infinite dimension. On
the other hand, the issues must be addressed in interdisciplinary spirit and require expertise in several fields
of mathematics: Calculus of Variations, Equivariant Topology, Morse and Critical Point theory, qualitative
and regularity theory for elliptic, parabolic and hyperbolic PDE’s and free boundary problems. When needed,
we also intend to address the problems with the aid of numerical and computer assisted methods. The team
is designed in order to largely supply all these expertises and to be able to collaborate in an effective way also
with other experts.
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