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Publishable Report

This project was born to pursue a specific intuition, namely that apparently different mathematical models,
characterized in any case by strongly nonlinear interactions and featuring a variational structure, do share
many common paradigms and are therefore liable to a fundamentally unified mathematical treatment. This
remarkable methodological unity could reflect some general natural laws. This idea has proved to be successful
and has produced a remarkable series of new results in cases where (a) the interaction was the prevailing
mechanism, (b) the equations were very far from being solved explicitly, and (c) the problems could not be
seen in any extent as perturbations of simpler ones.

The basic object of our research were nontrivial solutions of differential models featuring strongly nonlinear
interactions. Usually, in many of these circumstances, the emergence of self-organized structures is observed.
Such patterns correspond to selected solutions of the differential system possessing special symmetries or
shadowing particular shapes. We tried to describe, from the mathematical point of view, the main mechanisms
involved in the aggregation process in terms of the global variational structure of the problem. Following this
common thread, we dealt with

• attractive interactions: as in the classical N -body problem of Celestial Mechanics, where the balance
between attraction and centrifugal effects produces solutions showing complex patterns. More pre-
cisely, we were interested in periodic and bounded solutions and parabolic trajectories with the final
intent of proving density of periodic solutions and the occurrence of chaos.
• repulsive interactions: as in competition-diffusion systems, where pattern formation is driven by

strongly repulsive forces. Our ultimate goal was to capture the geometry and analysis of the
phase segregation, including its asymptotic aspects and the classification of the solutions to the
related equation.

All the objectives initially set were achieved, but a scientific research cannot be defined as such if it does
not produce also some disappointments and reserve some surprises. Among the most welcome surprises, the
discovery of solutions with spiralling nodal sets for the limiting profiles of strongly competing asymmetric
systems and that of the parabolic orbit that allows to connect two configurations at infinity for the problem
of N -centers.

These two different problems have been addressed, like the others, with the same basic methodology,
including the following steps.

• Asymptotic analysis. The study of the effect of singularities (or singular limits) and the infinity
on the profiles. The monotonicity formulæ, adjusted for the different cases, the blow-up analysis, the
classification of the limiting solutions invariant by dilation.
• Analysis and classification of entire solutions. Entire solutions also carry transitions from one

configuration to another: this is the case of parabolic trajectories in Celestial Mechanics and entire
solutions of competition-diffusion systems. Entire solutions also heavily enter in the blow-up analysis,
as they represent the limiting profiles in some scaling process.
• Gluing techniques. Having gathered different types of elementary solutions, the next step consists

of gluing them to build more complex patterns. Gluing can be performed, once more, using global
variational techniques, or other methods. This can be done, e.g., by the broken geodesics argument,
in the case of trajectories of Classical Mechanics, or by other types of reductions, e.g. by solving
optimal partition problems, as in the case of competition-diffusion systems.
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Abstract

The project focused on nontrivial solutions of systems of differential equations characterised by strongly
nonlinear interactions, with a special emphasis on the two complementary chapters of Complex dynamics for
the classical N -body problem, featuring singular attractive interaction forces, and Pattern formation through
spatial segregation, with mostly repulsive interactions, as well as strong interactions with spatial boundaries
or barriers.

The main results we have achieved during the project period can be summarized as follows:

• discovery of new entire solutions shadowing particular shapes (e.g parabolic trajectories for N -body
type problems), possessing some special symmetries or related with suitable spectral problems (such
as conic solutions for equations and/or optimal partition problems, solutions to Schrödinger equations
and systems)[2, 3, 13, 14, 22, 27, 45, 47, 57];
• description of scattering parabolic solutions and symbolic dynamics for the N -center problem, also in

the case of anisotropic potentials [16, 26, 34, 35, 49, 56];
• unconventional classification of entire solutions and entire limiting profiles in terms of topological

and/or analytical invariants (e.g. Maslov or Morse index, limiting Almgren’s frequency, degree of an
algebraic growth rate, symmetry groups) [8, 9, 12, 23, 28, 30, 39, 46, 55];
• full development of the asymptotic analysis of collision/ejection trajectories and of strongly competing

systems in connection with the segregation phenomenon, including optimal partition and optimal shape
problems [10, 19, 20, 21, 24, 25, 29, 38, 40, 42, 53];
• full description of the geometry of the nodal set of optimal partition problems involving higher eigen-

values and that of eigenfunctions of single or multipolar singular magnetic Schrödinger operators
(Aharonov-Bohm Hamiltonians), including the study of coalescing poles [1, 6, 11, 15, 31, 18, 31, 32, 33];
• full description of the geometry of the nodal set of segregated critical configurations involving fractional

laplacians, or nontrivial grouping, or featuring long-range interactions as well as that of solutions to
sublinear and singular nonlinear equations[37, 43, 44, 50, 51, 52, 54, 58];
• discovery of spiralling solutions in the asymptotic profiles arising in the singular limit of planar, sta-

tionary, reaction-diffusion systems with strongly competitive interactions of Lotka-Volterra type, when
the matrix of the inter-specific competition coefficients is asymmetric and the competition parameter
tends to infinity [48].

Besides the main field of celestial mechanics and dynamical astronomy, the main areas of application
of our results arise from the field of dynamics of competing biological species and other relevant physical
phenomena, among which the phase segregation in the study of multicomponent Bose-Einstein condensates.
New connections have been foreseen with the field of differential game theory (Mean Field Games). We
addressed our researches in an interdisciplinary spirit, exploiting several mathematical theories: Calculus
of Variations, Equivariant Topology, Morse and Critical Point theory, qualitative and regularity theory for
elliptic, parabolic and hyperbolic PDEs and free boundary problems. The team has been reinforced in order
to largely supply all the needed expertises. Our main results have been published in a series of papers in the
major international mathematical journals. Full text access to all our papers is provided through the project
website: compaterc.wordpress.com.

Questions

• To what extent have you achieved your objectives?
The project initial goals have been largely achieved and the results we have obtained are very

satisfactory. Moreover, along these 5 years, the initial project has evolved towards new directions
and new horizons have opened up. Even when we encountered difficulties, the overall response was
positive, because the path to solving them opened new and unexpected perspectives and we got several
surprises.

A few conjectures turned out to be skewed and had to be realigned, in the light of the new discoveries
and analysis carried out. On the other hand, new connections have been identified in the perspective
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of the results achieved and the innovative methodologies developed for this purpose. To this extent,
the interchange of methodologies between the different parts of the project was one of its greatest
strengths.

For example, the techniques developed to solve the problem of optimal partitions for higher eigen-
values have proved to be effective for treating other relevant open problems in shape optimization
with respect to spectral functionals, or energies for vector valued variables. Similarly, our analysis
of the nodal sets has also proved to be successful in dealing with the case of elliptic equations with
sublinear or singular right hand side. We have realized that the study of segregated configurations
requires a preliminary understanding of the structure of the nodal set of the individual equations and
this remark has opened a new front in our research.

The full development of a Morse theory for N-body type systems has proved to be more difficult than
expected, due to the role of collision and unbounded trajectories. However, despite the great technical
difficulties, we have achieved some remarkable results, notably the existence of parabolic orbits having
Unitary Morse index in three dimensions and the very recent characterization of parabolic arcs. I am
convinced that, though still partial, our results on Morse/Maslov theory have laid a solid foundation
for it and that our recent result will be the fundamental reference of the research field.
• What are the most important conclusions of your research?

The analysis of segregation-diffusion problems involving non-local terms was one of our greatest
successes, in my opinion. The problem of segregated minimum energy configurations has been com-
pletely solved, in the case of the half Laplacian, through a remarkable combination of free boundary
techniques. The other fractional powers of the laplacian and the vectorial case remain to be solved,
but I believe the foundations of the theory have been laid. Instead, problems with competition at
a distance proved to be extremely difficult. With great difficulty, we have demonstrated the basic
property of minimum energy configurations and we have identified the correct extremality conditions.
Unfortunately, the typical tools of free boundary theory, such as monotonicity formulæ, have proved
to be ineffective to attack this case.

One of the results of which I am most proud of is about the proof of spiralling behavior of the nodal
sets of limiting profiles in strongly competitive interaction, in the case of systems of at least three
components. This seems to be a new phenomenon, which distinguishes the quadratic interspecific
interaction from the cubic one, in the case of asymmetric competition rates. To achieve the result,
we had to introduce ad-hoc techniques, which combine complex analysis, monotonicity formulas and
two dimensional topology. The result is interesting in itself and opens up new research perspectives,
in the multidimensional case, for example.
• To what extent have you gone beyond the state of the art?

We have answered a great number of open questions concerning dynamical aspects of N-body
systems, as well as the geometry of the nodal set or the free boundary for critical configurations
triggered by competition-diffusion, or strong interactions with boundaries of barriers, including the
study of entire and conic solutions.

In doing this, we have discovered some new and surprising phenomena, such as the appearance of
logarithmic spirals in the nodal sets of limiting configurations (in the case of strong competition with
asymmetric interspecific interaction coefficients) and the existence of spatial parabolic trajectories
having given asymptotic configurations for the spatial N -centre problem.
• What is the impact of the project (within the scientific community and on society)?

The impact of the project can be measured by the interest of the community for the results obtained
and the questions opened within the project, shown by the extraordinary numerous invitations to give
talks and lectures at conferences and seminars, or from the citations received by the published papers.

In addition to the impact in the scientific community, the interest of the society and media has been
great, also in connection with the problem of female under-representation in the STEM sciences. I
have been repeatedly invited as a testimonial of the success of women in science.
• How well have you been supported by your Host Institution?
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I received an incredible support from an institution not really accustomed to managing this type of
grant. The strategic and the administrative office have worked to the best of their efficiency, albeit in
a restricted staffing regime. The Department of Mathematics did its best to make its resources and
facilities available to the project participants, visitor and guest of the various activities.
• What difference did the ERC make? A remarkable aspect is that the project gave me the

opportunity to interact with young post-docs of different backgrounds and training. This gave greater
breadth and perspective to my own researches, extending its technical potential and widening its aims.

The project allowed us the organization several scientific events, giving us the opportunity to make
our discoveries known in the community and to establish new scientific relationships, as well as to
exchange different knowledge, techniques and points of view. This exchange of methodologies was
crucial to overcome the difficulties.

Moreover, the presence of the only ERC Advanced grant at the Department of Mathematics of the
University of Turin has brought great prestige and visibility to Mathematics, both in the academic and
societal context. I am trying to profit from the success and prestige attributed to the project to attract
the attention of the aerospace industry, particularly developed in the region, towards the sophisticated
mathematical techniques developed, with particular regard to the topological and variational ones.
This can be a starting point in the creation of a Mathematics for Aerospace Network, with nodes in
Rome, Padova, Milano, Pisa. In addition, has given me the idea to start a new Master program in
Mathematical and Physical Methods in Space Sciences, meant to cross fertilization of the fields of
Mathematics, Physics and Space Sciences.

Free Keywords

Pattern formation, N -body problem, Total Collapses, Dynamical Systems, Partial Differential Equations,
Nonlinear Schrödinger equations, Competition-diffusion Systems, Optimal Partitions, Nonlinear Analysis,
Variational Methods, Spatial Segregation, Morse Theory, Singular Hamiltonian Systems, Free boundary prob-
lems, Entire solutions, Asymptotic estimates, Singular perturbation problems, Monotonicity Formulae.

Research and technological achievements and the impact and use of
them.

To depict the outcome of our research, I felt it appropriate to select, and describe in full details, the five
topics that I consider most innovative in relation to the originally programmed objectives.

Complex Dynamics for the classical N-body problem

Scattering parabolic solutions for the spatial N-centre problem. Most dynamical systems of inter-
acting particles in Celestial and other areas of Classical Mechanics are governed by singular forces. We are
concerned with potential of n-body type having the form

(1) U(q) =

n∑
i,j=1
i<j

mimj

‖qi − qj‖α
,

where α ∈ (0, 2). The positive real numbers m1, . . . ,mn can be thought as masses and the (real analytic)
self-interaction potential function (the opposite to the potential energy) is defined and smooth in

X̂ = {q = (q1, . . . , qn) ∈ X : qi 6= qj if i 6= j}

where

X = {q = (q1, . . . , qn) ∈ Rd×n :
n∑
i=1

miqi = 0}
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is the space of admissible configurations with vanishing barycenter. This class of potentials includes the
case, for instance, of the gravitational potential (α = 1) governing the motion of n point masses interacting
according to Newton’s law of gravitation and usually referred to as the (classical) n-body problem. Besides
the homogeneity of some negative degree, a common feature of all these singular potentials is that their
singularities are located on some stratified subset (in general an arrangement of subspaces or more generally
submanifolds) of the full configuration space. Both properties play a fundamental role in the study of the
dynamics of the system and strongly influence the global orbit structure being responsible, among others, of
the presence of chaotic motions as well as of motions becoming unbounded in a finite time.

Associated with the potential U we have Newton’s Equations of motion

(2) M q̈ = ∇U(q)

where ∇ denotes the (Euclidean) gradient and M = diag (m1Id, . . . ,mnId) is the mass matrix. As the centre
of mass has an inertial motion, it is not restrictive to prescribe its position at the origin and the choice of

X̂ as configuration space is justified. For (q, v) ∈ T X̂ , the tangent bundle of X̂ , the Lagrangian function

 L : T X̂ → [0,+∞) ∪ {+∞} is given by

(3) L(q, v) = K(v) + U(q) =
1

2
|v|2M + U(q) ,

where | · |M denotes the norm induced by the mass matrix M .
The N -centre problem is a simplified version of the restricted circular N + 1-body problem in a rotating

frame, where the centrifugal force is neglected; it concerns the motion of a point mass moving under the
attraction due to N fixed centers of force c1, . . . , cN .

It is well known since the times of Euler (in 1760) that the planar two-centre problem can be integrated by
using elliptic-hyperbolic coordinates. The planar case of N -centre with N ≥ 3 is known to be non integrable on
non-negative energy levels and has positive entropy; some partial extensions are available also for the spatial
case (see e.g.[84, 85] and references therein). Recently, in [93] Soave and Terracini have shown the presence
of a chaotic subsystem for the planar N -centre problem also at negative energies. Let us also mention that
topologically nontrivial periodic trajectories have been recently investigated both in the planar and spatial
N -body and the N -centre problems by means of constrained minimization arguments (see [94]).

Our main result concerns homogeneous potentials of degree −α, with α ∈ [1, 2), thus including the newto-
nian gravitational case (α = 1), in the three dimensional space. Hence, the motion equations system take the
form

(4) ẍ = −
N∑
i=1

mi (x− ci)
|x− ci|α+2

, x ∈ R3 \ {c1, . . . , cN},

where N ≥ 2, mi > 0, ci ∈ R3 (with ci 6= cj for i 6= j) and the associated Hamiltonian is

H(p, x) =
1

2
|p|2 −

N∑
i=1

mi

α|x− ci|α
.

We succeeded in proving the existence of unbounded non-collision entire trajectories having zero energy
(i.e., parabolic trajectories) and prescribed ingoing and outgoing directions. In spite of their natural structural
instability, these orbits act as connections between different normalized configurations and can be used as
carriers from one to the other region of the phase space; as such, they have been used as building blocks for
constructing complex trajectories (see, e.g. [93]). In recent papers [64, 65, 97] the existence of parabolic
trajectories has been considered for the anisotropic Kepler problem and for the N -body problem; more
precisely, the presence of parabolic orbits and their variational character has been linked with the existence of
minimal collision trajectories and eventually with the detection of unbounded families of non-collision periodic
orbits [89, 93]. Non-trivial parabolic orbits may be of interest also from the point of view of the applications of
weak KAM theory in Celestial Mechanics; indeed, since they are homoclinic to the infinity, which represents
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the Aubry-Mather set of our system, they can be used to construct multiple viscosity solutions of the associated
Hamilton-Jacobi equation (see also [90]).

Our main result of this subsection is the following:

Theorem 1 (Existence of a spatial parabolic trajectory with given asymptotic configurations [26]). For any
ξ+, ξ− ∈ S2 with ξ+ 6= ξ−, there exists a spatial parabolic solution x : R→ R3 \ {c1, . . . , cN} of (4) such that

|x(t)| ∼
(√

m

2α
(2 + α)

) 2
2+α

|t|
2

2+α , t→ ±∞,

and

(5) lim
t→±∞

x(t)

|x(t)|
= ξ±.

We remark that, when ξ+ = ξ−, we can still ensure the existence of a generalized spatial parabolic solutions
of (4) satisfying (5) (for ξ+ = ξ−), having maybe some collisions with the set of the centers. Let us now examine
our Theorem in the contest of scattering: the scattering angle is that between the outgoing and incident
directions. So Theorem 1 states the existence of at least one spatial trajectory having vanishing asymptotic
velocity for every scattering angle. Let us stress that this is not the case for central−α-homogeneous potentials:
for the Newtonian potential 1/r, it is a straightforward consequence of the preservation of the Runge-Lenz
vector that the only allowed scattering angle is 2π. However, for potentials of the form 1/rα with α > 1, the
parabolic trajectories form a loop, as the scattering angle can be shown to be 2π/(2−α) > 2π at zero energy.
This picture is in striking contrast with the positive energy case, where, for hyperbolic trajectories, all (but
one) scattering angles are always achieved. The presence of two or more centers results into the occurrence
of parabolic connections between every pair of asymptotic configurations, thus allowing every value of the
scattering angle, similarly with the hyperbolic case.

In the planar N -centre problem, unbounded non-collision parabolic trajectories are known to exist in various
homotopy classes of paths and the zero energy shell exhibits a symbolic dynamics (see e.g. [84]). Indeed,
planar unbounded parabolic trajectories can be symbolically described by their topological properties. They
are all local minimizers for the action and the Jacobi metric. In contrast, local action minimizing unbounded
parabolic trajectories are not expected to exist in the three dimensional space. The ultimate reason rests in
the properties of the scattering angle: very interestingly, the “looping” occurring for α ≥ 1 has been linked by
K. Tanaka with a change in the Morse index of the parabolic solutions. Similarly to the case of unbounded
hyperbolic trajectories our solutions too have a nontrivial Morse index, as they result as a mountain pass
variational argument: the absence of collisions is related with the Morse index. Notice, however, that the case
α = 1 is particularly delicate and indeed it requires an additional analysis, based on regularization techniques.

An Index theory for asymptotic motions under singular potentials. In our recent preprint [55], we
succeeded in developing an index theory for parabolic and collision solutions to the classical n-body problem
and we provided sufficient conditions for the finiteness of the spectral index valid in a large class of trajectories
ending with a total collapse or expanding with vanishing limiting velocities. Both problems suffer from a lack
of compactness and can be brought in a similar form of a Lagrangian System on the half time line by a
regularising change of coordinates which preserve the Lagrangian structure.

More precisely, we consider the following class of trajectories having a prescribed asymptotic behaviour.

Definition 1. Given T ∈ (0,+∞], a T -asymptotic solution (or simply asymptotic solution or a.s. in shorthand

notation) for the dynamical system (2) is a function γ ∈ C2((0, T ), X̂ ) which pointwise solves (2) on (0, T )
and such that the following alternative holds:

(i) if T < +∞, then γ ∈ C0([0, T ],X ) and it experiences a total collision at the final instant t = T ,
namely

lim
t→T−

γ(t) = 0, termed a time-T total collision trajectory;
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(ii) if T = +∞, then γ ∈ C0([0,+∞),X ) and

lim
t→+∞

K
(
γ̇(t)

)
= 0, termed a completely parabolic trajectory.

Such class includes homothetic self-similar motions γ(t) = |γ(t)|Ms0, where s0 is a central configuration,

i.e. a critical point of the potential U constrained on the ellipsoid E = {q ∈ X̂ : |q|M = 1}. The study of these
two kinds of motions has occupied a quite extensive research in the field and their strong connection has been
clearified recently in [64, 65, 28].

For a.s. some asymptotic estimates, at t → T , are available (cf. [65] and references therein) and one
can prove that total collision and completely parabolic trajectories share the same behaviour: the radial

component of the motion is, in both cases, asymptotic to the power ·
2

2+α (infinite or infinitesimal), while its
configuration approaches the set of central configurations of the potential at its limiting level.

We deal with asymptotic solutions having a precise limiting normalized central configuration s0, terming
these trajectories s0-asymptotic solutions. Our aim is to relate the Morse/Maslov index of the trajectory
with its asymptotic properties. The following spectral condition, naturally associated with the s0-asymptotic
solution, plays a central role

(6) the smallest eigenvalue of D2U |E(s0) is > −(2− α)2

8
U(s0).

We refer to this condition as the [BS]-condition. It is worthwhile noticing that the [BS]-condition has an
important dynamical interpretation, marking the threshold for hyperbolicity of s0 as a rest point on the flow
restricted to the collision manifold.

At first we prove the following result:

Theorem 2 (Morse index and Fredholmness [55]). If the central configuration s0 satisfies the [BS]-condition
then the Morse Index of any s0-a.s. is finite. In addition, the [BS]-condition gives the threshold for the
linearized operator belonging to the Fredholm class. Finally, in the particular case in which the smallest

eigenvalue of D2U |E(s0) is equal to − (2−α)2

8 U(s0), then the Morse index could be finite even if the associated
index form is not Fredholm.

This is the starting point for our long term project of building a Morse Theory, tailored for singular Hamil-
tonian Systems, which takes into account the contribution of the flow on the collision manifold, defined by
McGehee by blowing up the singularity. A major problem in using directly McGehee regularizing coordinates
is that the resulting flow looses its Hamiltonian as well as its Lagrangian character. Thus, we introduce
a variant which keeps both the Hamiltonian and Lagrangian structure, while both types of asymptotic or-
bits, total collision and parabolic, transforming them into half-clinic trajectories asymptotic to the collision
manifold. By taking into account the underlying Hamiltonian structure we introduce appropriate notions of
spectral index and geometric index for this class of half-clinic orbits and we relate them through an Index
Theorem. These two topological invariants respectively encode, in the index formula, the spectral terms which
are computationally inaccessible, and the geometric terms containing analytic information of a fundamental
nature which are quite explicit and involve the spectrum of a finite dimensional operator.

Pattern formation through spatial segregation

Variational problems with long-range interaction. In the recently published paper [44], we dealt with
a class of minimal configurations for variational problems involving arbitrarily many densities related by
long-range repulsive interactions. The mathematical setting we consider is described by the following two
archetypical situations.

Problem (A) Let Ω be a Lipschitz bounded domain of RN , N ≥ 2, and let

Ω1 =
⋃
x∈Ω

B1(x) = {x ∈ RN : dist(x,Ω) < 1}.
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Given k ≥ 2 nonnegative nontrivial functions f1, . . . , fk ∈ H1(Ω1) ∩ C(Ω1) satisfying

dist(supp fi, supp fj) ≥ 1 ∀i 6= j,

we consider the minimization problem
inf

u∈H∞
J∞(u),

where the set H∞ and the functional J∞ are defined by

(7) H∞ =

{
u = (u1, . . . , uk) ∈ H1(Ω1,Rk)

∣∣∣∣ dist(suppui, suppuj) ≥ 1 ∀i 6= j
ui = fi a.e. in Ω1 \ Ω

}
,

and

(8) J∞(u) =
k∑
i=1

∫
Ω
|∇ui|2.

The support of each component ui is taken in the weak sense: it corresponds to the complement in Ω1 of
the largest open set ω ⊆ RN where ui = 0 a.e. on ω. Notice also that the existence of f1, . . . , fk with the
above properties imposes some conditions on Ω (for instance, the diameter of Ω cannot be too small), and we
suppose that such conditions are satisfied.

We are interested in existence and qualitative properties of minimizers.

Problem (B) Let Ω be a bounded domain of RN , N ≥ 2, and let k ≥ 2. We consider the set of open
partitions of Ω at distance 1, defined as

Pk(Ω) =

{
(ω1, . . . , ωk)

∣∣∣∣ ωi ⊂ Ω is open and non-empty for every i,
and dist(ωi, ωj) ≥ 1 ∀i 6= j

}
.

Then, for a cost function F ∈ C1((R+)k,R) satisfying

• ∂iF (x) > 0 for all x ∈ (R+)k and i = 1, . . . , k, which in particular yields that F is component-wise
increasing;
• for any given i = 1, . . . , k,

lim
xi→+∞

F (x̄1, . . . , x̄i−1, xi, x̄i+1 . . . , x̄k) = +∞

for all (x̄1, . . . , x̄i−1, x̄i+1 . . . , x̄k) ∈ (R+)k−1,

we consider the minimization problem

(9) inf
(ω1,...,ωk)∈Pk(Ω)

F (λ1(ω1), . . . , λ1(ωk)),

where λ1(ω) is the first eigenvalue of the Laplace operator in ω with homogeneous Dirichlet boundary condi-
tions. Problem (9) is a nonlocal version of a partition problem involving eigenvalues (cf. [66]). A typical case

we have in mind is the cost function F (λ1(ω1), . . . , λ1(ωk)) =
∑k

i=1 λ1(ωi). We are interested in existence and
qualitative properties of an optimal partition.

Both problems (A) and (B) are examples of optimal partition problem, a subject that belongs to the wider
class of shape optimization problems. The problem of finding a partition that minimizes a certain cost function
depending on disjoint shapes, despite its clear mathematical interest, appears quite naturally both in physics
(e.g. in liquid crystals or Cahn-Hilliard fluids), engineering (for instance in situations where it is necessary to
minimize the cost of a structure made of several materials, in which case the thickness of the domain walls,
which correspond to the positive distance constraint, is a natural requirement), or image processing. They
are also important to characterize the limiting behavior of solutions to competing systems, a subject related
both to competition between ecological species [72] or to Bose-Einstein condensation [70]. This is the first
result concerning optimal partition problems with nonlocal nature. In particular, we showed that the study
of problems of type (A) and (B) appear as limit of systems of strongly competing densities with nonlocal
repulsive interactions.

Our main results in [44] are, for problem (A):
9
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• the existence of a minimizer;
• the optimal interior regularity of any minimizer;
• the derivation of several properties of the positivity sets {ui > 0};
• the derivation of a free boundary condition involving the normal derivatives of different components

of any minimizers on the regular part of the free-boundary ∂{ui > 0}.
For problem (B):

• the introduction of a weak formulation in terms of densities, and the existence of weak solutions;
• the global optimal regularity of any weak solution, which leads in particular to the existence of a

strong solution for the original problem;
• the derivation of properties of the subsets ωi, and of a free boundary condition on the regular part of
∂ωi.

We stress that, both in problems (A) and (B), the interaction among different densities takes place at
distance: in problem (A) the positivity sets {ui > 0}, and in problem (B) the open subsets ωi, are indeed
forced to stay at a fixed minimal distance from each other.

Spiralling asymptotic profiles of competition-diffusion systems. In the recently published paper [48],
we succeeded in giving a complete description of the structure of the nodal set of segregation profiles arising
in the singular limit of planar, stationary, reaction-diffusion systems with strongly competitive interactions of
Lotka-Volterra type, as the competition parameter tends to infinity, in the case of asymmetric interspecific
competition rates.

This structure has been widely studied, in the previous literature, when the matrix of the inter-specific com-
petition coefficients is symmetric in connection with either the free boundary of optimal partitions involving
shape energies, or the singularities of harmonic maps with values in a stratified varyfold [71, 68, 67, 75, 95].
For such problems, in the planar case, it is known that the nodal set consists in a locally finite collection of
curves meeting with equal angles at a locally finite number of singular points. We showed that the effect of
asymmetry of the inter-specific competition rates results in a dramatic change of the nodal pattern, now con-
sisting of spiraling nodal curves, still meeting at locally isolated points with finite vanishing order. It has to be
noticed that the asymmetry makes all the usual free boundary toolbox (Almgren and Alt-Caffarelli-Friedman
monotonicity formulæ, dimension estimates) unavailable and ad-hoc arguments have been designed. Finally,
we point out that spiraling waves also occur in entirely different contexts of reaction-diffusion systems (cfr
e.g. [91]).

Lotka-Volterra type systems are the most popular mathematical models for the dynamics of many popula-
tions subject to spatial diffusion, internal reaction and either cooperative or competitive interaction. Indeed,
such models are associated with reaction-diffusion systems where the reaction is the sum of an intra-specific
term, often expressed by logistic type functions, and an inter-specific interaction one, usually quadratic. The
study of this reaction-diffusion system has a long history and there exists a large literature on the subject.
However, most of these works are concerned with the case of two species. As far as we know, the study in the
case of many competing species has been much more limited, starting from two pioneering papers by Dancer
and Du [73, 74] in the 1990s, where the competition of three species were considered.

We deal with a regime of strongly competing populations in the stationary case. Hence the equations of
the systems take the form

(10) −∆ui = fi(ui)− βui
∑
j 6=i

aijuj in Ω ⊂ RN , i = 1, . . . , k,

where (aij)ij is the matrix of the interspecific competition coefficients, with nonnegative entries, and β ≥ 0.
For concreteness we require the reaction terms fi to be locally Lipschitz, with fi(0) = 0, even though specific
results hold under less restrictive assumptions. One may consider also different diffusion coefficients di > 0
on the left hand side of (10). Nonetheless, in the stationary case, it is not restrictive to assume di = 1 by a
change of unknowns.

10
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We distinguish between the symmetric (i.e. when aij = aji, for every i, j) and the asymmetric cases (i.e.
when aij 6= aji for some i, j), focusing on the latter, when the parameter β diverges to +∞ and we consider
nonnegative solutions, that is, ui ≥ 0 for all i = 1, . . . , k. In this case, it is known that the components satisfy
uniform bounds in Hölder norms and converge, up to subsequences, to some limit profiles, having disjoint
supports: the segregated states.

Theorem 3 (Compactness in Hölder spaces, existence of segregated limiting profiles, [71]). Let (u1,β, . . . , uk,β),
for β > 0, be a family of solutions to system (10) satisfying a (uniform in β) L∞loc(Ω) bound as β → +∞.
Then, up to subsequences, there exists (ū1, . . . , ūk) such that,

ui,β → ūi in H1
loc(Ω) ∩ C0,α

loc (Ω),

for every i = 1, . . . , k and 0 < α < 1. Moreover, the k-tuple (ū1, . . . , ūk) is a segregated state:

ūiūj ≡ 0 in Ω.

In the last decade, both the asymptotics and the qualitative properties of the limit segregated profiles have
been the object of an intensive study, mostly in the symmetric case, by different teams. Similarly, the dynamics
of strongly competing species has been addressed as a singularly perturbed parabolic reaction-diffusion system
in connection with spatially segregated limit profiles. In the quoted papers, a special attention was paid to
the structure of the common zero set of these limit profiles. The following theorem collects the main known
facts about the geometry of the nodal set in the stationary symmetric case:

Theorem 4 (Structure of the nodal set in the symmetric case, [71, 68, 75, 95]). Assume that

aij = aji > 0, for every i 6= j.

Let Ū = (ū1, . . . , ūk) be a segregated limit profile as in Theorem 3, and let Z = {x ∈ Ω : Ū(x) = 0} its nodal
set. Then, there exist complementary subsets R and W of Z, respectively the regular part, relatively open in
Z and the singular part, relatively closed, such that:

• R is a collection of hyper-surfaces of class C1,α (for every 0 < α < 1), and for every x0 ∈ R

lim
x→x+0

|∇Ū(x)| = lim
x→x−0

|∇Ū(x)| 6= 0,

where the limits as x→ x±0 are taken from the opposite sides of the hyper-surface;
• Hdim(W) ≤ N − 2, and if x0 ∈ W then limx→x0 |∇Ū(x)| = 0.

Furthermore, if N = 2, then Z consists in a locally finite collection of curves meeting with definite semi-
tangents with equal angles at a locally finite number of singular points.

On the contrary, the main result of this subsection is concerned with asymmetric inter-specific competition
rates, with the purpose to highlighting the substantial differences with the symmetric case in two space
dimensions. To describe our main result, we consider a simplified, yet prototypical, boundary value problem
with competition terms of Lotka-Volterra type:

(11)

{
−∆ui = −βui

∑
j 6=i aijuj in Ω

ui = ϕi on ∂Ω,
i = 1, . . . , k.

Here below are our basic assumptions:

(A1) Ω ⊂ R2 is a simply connected, bounded domain of class C1,α;
(A2) aij > 0 for every j 6= i;
(A3) ϕi ∈ C0,1(∂Ω), ϕi ≥ 0, ϕi · ϕj ≡ 0 for every 1 ≤ i 6= j ≤ k;

(A4) the trace function ϕ =
∑k

i=1 ϕi has only non-degenerate zero, that is,

∀x0 ∈ ∂Ω, ϕ(x0) = 0 =⇒ lim inf
x→x0

ϕ(x)

|x− x0|
≥ C > 0.

11
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We are interested in component-wise non-negative solutions. As we already noticed, as β → +∞ such solutions
to (11) exhibit segregation. More precisely, let us introduce the object of our investigation, a class of segregated
states, satisfying additional conditions, expressed as a system of differential inequalities as follows:

(12) S =

U = (u1, · · · , uk) ∈ (H1(Ω))k :
ui ≥ 0, ui = ϕi on ∂Ω
ui · uj = 0 if i 6= j
−∆ui ≤ 0, −∆ûi ≥ 0

 ,

where the i-th hat operator is defined on the generic i-th component of a k–tuple as

(13) ûi = ui −
∑
j 6=i

aij
aji

uj ,

and the differential inequalities are understood in variational sense. This is a free boundary problem, where
the interfaces ∂{ui > 0}∩∂{uj > 0}, separate the supports of ui and uj . The following result has been proved
in [71].

Theorem 5 (Compactness in Hölder spaces and existence of limiting profiles in the class S, [71]). For every
β > 0 there exists (at least) one solution (u1,β, . . . , uk,β) ∈ (H1(Ω))k to system (11). For every sequence of
solutions, there exists (at least) one (ū1, . . . , ūk) ∈ S and, up to a subsequence,

ui,βn → ūi in H1(Ω) ∩ C0,α(Ω),

for every i = 1, . . . , k and 0 < α < 1.

In order to set up our result about the nodal set in the case of asymmetric interspecific competition rates,
we need some more notation. For any U ∈ S we define the multiplicity of a point x ∈ Ω, with respect to U ,
as

m(x) = ] {i : |ωi ∩Br(x)| > 0 for every r > 0} .
Our main purpose is to analyze the structure of the free boundary, i.e. the zero set of a k-tuple U ∈ S:

Z = {x ∈ Ω : ui(x) = 0 for every i = 1, . . . , k}.
Such set naturally splits into the union of the regular part R = Z2 := {x ∈ Z : m(x) = 2}, and of the singular
part

W = Z \ Z2.

We collect in the following Lemma some elementary properties about the elements of S, which have already
been obtained in [72].

Lemma 1 (Basic properties in the class S, [72]). Let U ∈ S. Then:

1. U ∈ C0,1(Ω);
2. if m(x0) = 1, then there exist i and r > 0 such that ∆ui = 0 in Br(x0) ∩ Ω (in particular, x0 6∈ Z);
3. if m(x0) = 2, then there exist i, j and r > 0 such that ∆(ajiui − aijuj) = 0 in Br(x0) ∩ Ω;
4. if x0 ∈ W then limr→0 supBr(x0) |∇ui| = 0, for every i.

Notice that properties 2 and 3 in the above lemma are straight consequences of the definitions of S and m.
Now we are ready to state our main result concerning the properties of the segregation boundary.

Theorem 6. Let (A1–4) hold, U ∈ S, and Z = Z2 ∪W. Then:

1. Z2 is relatively open in Z, and it consists in the finite union of analytic curves;
2. W is the union of a finite number of isolated points inside Ω;
3. for every x0 ∈ ∂Ω, either m(x0) = 1 or m(x0) = 2.

Furthermore, if x0 ∈ W then m(x0) = h ≥ 3, and there exist an explicit constant α ∈ R and an explicit
bounded function A = A(x) such that

(14) U(r, ϑ) = Arν cos

(
h

2
ϑ− α log r

)
+ o(rν) as r → 0,

12
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(a) (b) (c)

Figure 1. numerical simulations of functions belonging to the class S for different values of
α. In this particular case, we have considered a system of 3 components (labeled in counter-
clockwise order as u1, u2 and u3) in the unit ball, with boundary conditions given by suitable
restrictions of | cos(3/2ϑ)|. In picture (a), aij = 1 for all i, j, which yields α = 0 (see Remark
1). In picture (b), aij = 4 if j−i = 1 mod 3 and aij = 1 otherwise, which yields α = 3 log 4/2π
(> 0, which implies by equation (14) that the free-boundary is described asymptotically by
rotations of the clockwise logarithmic spiral ϑ = log 4/π log r). In picture (c), aij = 10 if
j − i = 1 mod 3 and aij = 1 otherwise, which yields α = 3 log 10/2π.

where (r, ϑ) denotes a (suitably rotated) system of polar coordinates about x0, U is a suitable weighted sum of
the components ui meeting at x0,

(15) ν =
h

2
+

2α2

h
, and 0 < A0 ≤ A(r, ϑ) ≤ A1.

In particular, whenever α 6= 0, the regular part of the free boundary is described asymptotically by h equi-
distributed logarithmic spirals (locally around x0).

Remark 1. The value of α in (14), (15) is explicit in terms of the coefficients aij, with i and j belonging
to the set of indexes associated to the h ≤ k densities which do not identically vanish near x0. For instance,
when u1, u2 and u3 meet at x0, with m(x0) = 3, then (up to a change of sign)

α =
1

2π
log

(
a12

a21
· a23

a32
· a31

a13

)
.

Consequently, when α 6= 0, the vanishing order ν does not depend only on the number of densities involved (as
in the symmetric case), but also on the competition coefficients; moreover, the vanishing order is not forced
to be half-integer, in great contrast with the symmetric case. Finally, the function U agrees with each density
near x0, up to a constant multiplicative factor.

Remark 2. In case aij = aji for every j 6= i, then α = 0, and the spirals reduce to straight lines; in this way
we recover the equal-angles-property for multiple points already obtained in [72]. On the other hand it is easy
to choose the competition coefficients to force α 6= 0. For instance, in the case of k = 3 densities on the ball,
one can use the construction suggested by our proof, in order to obtain the existence of an element of S, with
a prescribed α, for a set of traces having codimension 2 (see Fig. ). In the same spirit, for any given real
number ν ≥ 3/2, one can choose the competing coefficients to obtain elements of S having a multiple point
with vanishing order ν.

Remark 3. In the asymmetric case, the nodal partition determined by the supports of the components can not
be optimal with respect to any Lagrangian energy. Indeed, it is known (cfr. [17, 67, 75, 95]) that boundaries
of optimal partitions share the same properties of Theorem 4. Hence they can not exhibit logarithmic spirals.
This fact is in striking contrast with the picture for symmetric inter-specific competition rates: indeed, in such
a case, relatively to Theorem 5, we know that solutions to (11) are unique, together with their limit profiles

13
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in the class S. Hence, though system (11) does not possess a variational nature, it fulfills a minimization
principle in the segregation limit, while this is impossible in the asymmetric setting.

Segregated configurations involving the square root of the laplacian and their free boundaries.
As already discussed earlier, the analysis of the nodal sets of segregated stationary configurations for systems
of elliptic equations has been the subject of an intense study in the last decade. In the preprint [50] we
dealt with the geometric structure of the nodal set, when the creation of a free boundary is triggered by the
interplay between fractional diffusion and competitive interaction. A prototypical example comes from the
following system of fractional Gross-Gross-Pitaevskǐı equations

(16)

{
(−∆ +m2

i )
1/2ui + V (x)ui = ωiu

3
i − βui

∑
j 6=i aiju

2
j

ui ∈ H1/2(RN ),

with aij = aji > 0, which is the relativistic version of the Hartree-Fock approximation theory for mixtures
of Bose-Einstein condensates in different hyperfine states which overlap in space. The sign of ωi reflects the
type of interaction of the particles within each single state. If ωi is positive, the self interaction is attractive
(focusing problems defocusing otherwise). V represents an external potential. The sign of β, on the other
hand, accounts for the interaction of particles in different states. This interaction is attractive when negative
and repulsive otherwise. If the condensates repel, and the competition rate tends to infinity, the densities
eventually separate spatially, giving rise to a free boundary: the common nodal set of the components ui’s.
This phenomenon is called phase separation and has been described in the recent literature, both physical
and mathematical, in the case of standard diffusion. It is by now a well-established fact that in the case of
elliptic systems with standard diffusion this nodal set is comparable, as regards to the qualitative properties,
to that of the scalar solutions. The main reason can be attributed to the validity of a weak reflection law (see
[95]) which constitutes the condition of extremality at the common interface. Relevant connections have been
established with optimal partition problems involving spectral functionals.

We consider the following model with fractional diffusion: according to [69], the n-dimensional half laplacian
can be interpreted as a (nonlinear) Dirichlet-to-Neumann operator. For this reason we state all our results
for harmonic functions with nonlinear Neumann boundary conditions involving strong competition terms.
Precisely, the following uniform-in-β estimates have been established in [25]. Here we denote by B+

r :=
Br ∩ {z > 0} ⊂ Rn+1 and by Br := Br ∩ {z = 0} (where z is the (n+ 1)-th coordinate).

Theorem 7 (Local uniform Hölder bounds, [25]). Let the functions fi,β be continuous and uniformly bounded

(w.r.t. β) on bounded sets, and let {uβ = (ui,β)1≤i≤k}β be a family of H1(B+
1 ) solutions to the problems

(Pβ)

{
−∆ui = 0 in B+

1

∂νui = fi,β(ui)− βui
∑

j 6=i u
2
j on B1.

Let us assume that
‖uβ‖L∞(B+

1 ) ≤M,

for a constant M independent of β. Then for every α ∈ (0, 1/2) there exists a constant C = C(M,α), not
depending on β, such that

‖uβ‖C0,α
(
B+

1/2

) ≤ C(M,α).

Furthermore, {uβ}β is relatively compact in H1(B+
1/2) ∩ C0,α

(
B+

1/2

)
for every α < 1/2.

As a byproduct, up to subsequences, we have convergence of the solutions to (Pβ) to some limiting profile,
whose components are segregated on the boundary B1. If furthermore fi,β → fi, uniformly on compact sets,
we can prove that this limiting profile satisfies

(17)

{
−∆ui = 0 in B+

1

ui∂νui = fi(ui)ui on B1.
14
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One can see that, for solutions of this type of equation, the highest possible regularity corresponds indeed to
the Hölder exponent α = 1/2. As a matter of fact, it has been proved that the limiting profiles do enjoy such
optimal regularity.

Theorem 8 (Optimal regularity of limiting profiles, [25]). Under the assumptions above, assume moreover
that the locally Lipschitz continuous functions fi satisfy fi(s) = f ′i(0)s+O(|s|1+ε) as s→ 0, for some ε > 0.

Then u ∈ C0,1/2
(
B+

1/2

)
.

It is worthwhile noticing that these result apply to the (local) minimizers of the functionals

(18) Jβ(U) =

k∑
i=1

∫
B+

1

1

2
∇ui(x, z)|2dx dz + β

∑
1≤i<j≤k

∫
B1
u2
i (x, 0)u2

j (x, 0) dx

in the set of all configurations with fixed boundary data. Taking the singular limit as β → +∞ we are naturally
lead to consider the energy minimizing profiles which segregate only at the characteristic hyperplane {z = 0}.

Next, our main goal is to describe, from differential and geometric measure theoretical points of view, the
structure of the trace on the characteristic hyperplane {z = 0} of the common nodal set of these limiting
profiles. For the sake of simplicity we assume that the reactions fi’s are identically zero and we reflect the
components ui’s through the hyperplane {z = 0}. It is worthwhile noticing that we cannot deduce from the
system (17) alone any regularity property of the common nodal set N (u) = {x ∈ Ω∩Rn×{0} : u(x, 0) = 0},
as the equations can be independently solved for arbitrary, though mutually disjoint, nodal sets N (ui) =
{(x, 0) ∈ Ω ∩ Rn × {0} : ui(x, 0) = 0} on the characteristic hyperplane {z = 0}. Functions defined in B+

1 are
extended implicitly to the whole B1 in an even manner in z.

Definition 2 (Segregated minimal configurations, class M(Ω)). For an open, z-symmetric Ω ⊂ Rn+1, we
define the class M(Ω) of the segregated minimal configurations as the set of all the even-in-z vector valued

functions u = (u1, . . . , uk) ∈ (H1(Ω))k ∩ C0,1/2(Ω), whose components are all nonnegative and achieving the
minimal the energy among configurations segregating only at the characteristic hyperplane {z = 0}, that is
solutions to

min

{
k∑
i=1

∫
Ω
|∇ui|2 :

ui(x, 0) · uj(x, 0) ≡ 0 Rn-a.e. for i 6= j,
ui = ϕi, on ∂Ω for i = 1, . . . , k,

}
where the ϕi’s are nonnegative H1/2-boundary data which are even-in-z and segregated on the hyperplane
{z = 0}.

For such class of solutions, we succeeded in proving a theorem on the structure of the nodal set N (u),
which is the perfect counterpart of the results in [67, 95].

Theorem 9 (Structure of the nodal set of segregated minimal configurations, [50]). Let Ω ⊂ Rn+1, with

n ≥ 2, u be a segregated minimal configuration and let N (u) = {x ∈ Ω̃ : u(x, 0) = 0}. Then, N (u) is the
union of a relatively open regular part Σu and a relatively closed singular part N (u) \ Σu with the following
properties:

1. Σu is a locally finite collection of hyper-surfaces of class C1,α (for some 0 < α < 1).
2. Hdim(N (u) \ Σu) ≤ n− 2 for any n ≥ 2. Moreover, for n = 2, N (u) \ Σu is a locally finite set.

Remark 4. (a) In the light of the known extension facts related to the half-laplacian (cfr [69]), our theory
applies, among others, to segregated minimizing configurations involving non local energies, like, for instance
the solutions to the following problem (when s = 1/2):

min

{
k∑
i=1

∫
R2n

|ui(x)− ui(y)|2

|x− y|n+2s
:
ui(x, 0) · uj(x, 0) ≡ 0 a.e. in Rn for i 6= j,

ui ≡ ϕi, on Rn \ Ω̃ for i = 1, . . . , k,

}
where ϕi are nonnegative H1/2(Rn) data which are segregated themselves. In this regard, our results extend
those of [67] to the fractional case, or, equivalently, to the case when the phase segregation takes place only

15



ERC-2013-AdG Final Report Project No 339958 - COMPAT

on the characteristic hyperplane.
(b) It is worthwhile noticing that, in case of the standard diffusion, the nodal set of the segregated minimal
configurations shares the same measure theoretical features with the nodal set of harmonic functions; this is
not the case of the fractional diffusion; indeed, as shown in [52], the stratified structure of the nodal set of s-
harmonic functions is far more complex than that of the segregated minimal configurations. The asymptotics
and properties of limiting profiles of competition diffusion systems with quadratic (Lotka-Volterra) mutual
interactions have been investigated in [96]; as discussed there, the free boundary, in the Lotka-Volterra case,
resembles the nodal set of s-harmonic functions with some important differences however, enlightened in that
paper.
(c) Our theory is suitable to extend in order to cover the limiting cases, as β →∞, of the variational problems
associated with (16).

In order to prove our main result, we need to consider two other different notions of solution. The first
is the class of solutions in the variational sense - concept that we have expressed through the validity of the
domain variation formula - and a second notion of solution, expressed in terms of viscosity solutions. As
we have shown that the latter notion is weaker (although they are probably equivalent) but carries precious
information on the regularity of the nodal set. In particular, both notions encode a reflection rule about the
free boundary, which is the ultimate reason for the regularity of the nodal set (cfr [95] for analogies with the
standard laplacian).

A major achievement toward the proof of our structure theorem is an improvement of flatness argument
for the case of two components, inspired by similar ones in obstacle type problems. As a byproduct, it yields
the following local regularity result: in two dimensions, let U(t, z) be defined in polar coordinates as

(19) U(t, z) = r1/2 cos
θ

2
,

t = r cos θ, z = r sin θ, r ≥ 0, −π ≤ θ ≤ π,
and let

Ū(t, z) := U(−t, z).
By abuse of notation we denote,

U(x, z) := U(xn, z), Ū(x, z) := Ū(xn, z).

Theorem 10 (Local regularity of the free boundary, [50]). There exists ε̄ > 0 small depending only on n,
such that if u = (u1, u2) is a viscosity solution in B1 satisfying

(20) ‖u1 − U‖∞ ≤ ε̄, ‖u2 − Ū‖∞ ≤ ε̄
then N (u) is a C1,α graph in B 1

2
∩ Rn × {0} for every α ∈ (0, 1) with C1,α norm bounded by a constant

depending on α and n.

Novel and/or unconventional methodologies

Complex dynamics for the classical N-body problems. Our systematic Morse theoretical approach to
the N -body and other problems in Celestial Mechanics yielded several methodological innovations, having a
generality that goes beyond the specific applications.

A first example concerns the connection between stability and Morse/Maslov index theories. It is well
established that, in many contests, linear instability of a symmetric periodic orbit is linked with the Morse
or Maslov indices of its first and second iterates (see the recent literature, e.g, [80, 81]). Surprisingly, we
have discovered that, for the family of simple Lagrange circular solutions with α-homogeneous potentials, the
boundary of the stability region is the envelope of a family of curves on which the Morse indices of the k-th
iterate has a jump ([12]). This opens new perspectives on the validity of general Bott and Gutzwiller type
formulæ.

Another example, in the Celestial Mechanics context, concerns the existence of spatial, noncollision, entire
parabolic solutions that has been achieved through a joint use of energy and Morse index estimates, via an
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approximation argument in a recent paper [26] (see also [34, 35, 39, 49]). Indeed, while it is nowadays well
established that minimal trajectories have a tendency to avoid collisions, much less was known about the
contribution of the number and nature of collisions and the jumps in the Morse index of the trajectory, seen
as a geodesics of the Jacobi metric (see aldso.

Similar considerations run through the analysis of the Morse/Maslov index of collision and parabolic tra-
jectories carried in [55] (see also [12, 8]. The number and nature of collision instants appears to be directly
connected with the Morse index of the solutions. This has reinforced our determination in developing a Morse
theoretical approach to periodic solutions to singular Hamiltonian systems that takes into account also the
contribution of collision solutions as well as solutions diverging to infinity. Such a study has involved the
extension of the solutions at the singularity, through a suitable variant of MacGehee coordinates, which keep
the Lagrangian structure as well as the Hamiltonian one. We then introduced a Maslov-type index which is
suitable to capture the asymptotic nature of these trajectories as half-clinic orbits: by taking into account
the underlying Hamiltonian structure we defined the appropriate notion of geometric index for this class of
solutions and we develop the relative index theory.

Pattern formation trough competition-diffusion. A major achievement, from the methodological point
of view, is that we have strengthened and deepened the links between the various aspects involved in the
study of pattern formation trough competition-diffusion phenomena namely:

(i) spectral theory,
(ii) behaviour of eigenfunctions of singular Hamiltonians,
(iii) asymptotic analysis of strongly competing elliptic systems,
(iv) existence and growth rate of entire solutions of reaction-diffusion systems,
(v) measure theoretical and geometrical properties of the nodal region of the optimal partition.

Establishing these links required an innovative use of domain variations and monotonicity formulæ, possibly
with a remainder term, as a key tool of the asymptotic analysis. In a similar perspective, new existence results
of complex solutions to nonlinear elliptic equations were derived in connection with optimal partitions patters
by shadowing arguments of variational nature.

The case of spiralling solutions worth a special mention also from the methodological point of view. The
proof of Theorem 6 exploits a mixture of some topological properties of the zero set of harmonic functions,
Moebious transformations and ad-hoc monotonicity properties. As a result, such limiting profiles (functions in
the class S) still share with the solutions of variational problems, including harmonic functions, the following
fundamental features:

• singular points are isolated and have a finite vanishing order;
• the possible vanishing orders are quantized;
• the regular part is smooth.

It is natural to wonder whether similar analogies still hold in dimensions higher than two. As already remarked,
however, new strategies and unconventional techniques need to be designed to treat the asymmetric case, since
a number of standard tools in free boundary problems have to fail in such situation: for instance, as the planar
case shows, the Almgren monotonicity formula can not hold, and the singularities do not admit, in general,
homogeneous blow-ups. Similar difficulties arise in the case of long-range interactions.

Inter and cross disciplinary developments

A major part of the project concerns models where several physical variables can be described by a certain
number of densities (of mass, population, probability, ...) distributed in a domain and subject to laws
of diffusion, reaction, and competitive interaction. Whenever the competitive interaction is the prevailing
phenomenon, the several densities can not coexist and tend to segregate, hence determining a partition of the
domain (Gause’s experimental principle of competitive exclusion (1932)). As a model problem, we consider
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the system of stationary equations

−∆ui = fi(ui)− βui
∑
j 6=i

gij(uj) ui > 0 , i = 1, . . . , k.

The cases gij(s) = βijs (Lotka-Volterra competitive interactions) and gij(s) = βijs
2 (gradient system

for Gross-Pitaevsǩıi energies) are of particular interest in the applications to population dynamics [92] and
theoretical physics [78, 82] respectively. A prototype for systems with gradient structure is the Gross-Pitaevskǐı
system, which describes the solitary waves and the ground states of a system of nonlinear Schrödinger equations
modelling the Bose-Einstein condensation phenomenon with different hyperfine spin states ([60, 61, 62, 70]).
In the mean-field regime, the many-component Bose-Einstein condensate at zero temperature is described in
terms of many wave functions (order parameters), ψi, respectively representing the ith component. The total
energy of the system takes the following form

E =

∫ k∑
i=1

|∇ψi − iAψi|2 + V (r)|ψi|2 +
k∑

i,j=1

βij |ψi|2|ψj |2 ,

where A is the magnetic potential and V (r) is the electric potential. According to the respective values of βij
and the other parameters, such as the magnetic field intensity or the locations of its concentration points, the
ground states exhibit very different properties in terms of their nodal regions, shape of the bulk, defects and
coexistence of the components or spatial separation. Two (or many) components BECs and the topological
excitations within have been experimentally realised and appear in the physical literature in a number of
configurations: a single isotope that is in two different hyperfine spin states, two different isotopes of the same
atom or isotopes of two different atoms (cfr the references in [78, 59]). In particular regimes, the minimization
of the energy with mass constraints yields to optimal partitions with respect to eigenvalues ([61, 70, 66, 79]).

A related system is the following:

−ν∆ui + gi(u
2
j )ui = λiui,

∫
Ω
u2
i = 1, 1 ≤ i 6= j ≤ 2,

which is obtained, via the Hopf-Cole transformation, from a two-populations ergodic Mean Field Games
(briefly MFG) system, which describes Nash equilibria in differential games with identical players. In these
models, each population consists of a very large number of indistinguishable rational agents, aiming at min-
imizing some long-time average criterion. MFG is a branch of Dynamic Games which has been proposed
independently by Lasry, Lions [86, 87, 88] and Caines, Huang, Malhamé [76, 77] in the engineering community,
with the aim of modeling and analyzing decision processes involving a very large number of indistinguishable
rational agents. In MFG with two (or more) competing populations, every individual of the i-th population
is represented by a typical agent, and whose state is driven by a controlled stochastic differential equation,
with a cost which depends only on the j-th population. The system we consider is obtained in the case of a
quadratic, long time average cost. For this system we obtained the existence of families of nontrivial Nash
equilibria, depending on the viscosity parameter ν. Furthermore we investigated the appearing of segregation
in the vanishing viscosity limit ν → 0, proving uniform bounds in the variational case gi(s) = γis and in the
general case in dimension one (cfr [19]).

An interesting example of cross fertilization between neighboring research fields, concerns the exchange
of attack strategies between the field of optimal partition problems involving higher eigenvalues treated in
[20] and the regularity issues of optimal sets for a shape optimization problem involving a combination of
eigenvalues, under a fixed volume constraints and the related vectorial Bernoulli problem[29, 53]. As a model
problem, consider

min
{
λ1(Ω) + · · ·+ λk(Ω) : Ω ⊂ Rd, open , |Ω| = 1

}
,

where λi(·) denotes the eigenvalues of the Dirichlet Laplacian and | · | the d-dimensional Lebesgue measure.
By means of a combination of monotonicity properties and measure theoretic considerations, in [29]we proved
that any minimizer Ωopt has a regular part of the topological boundary which is relatively open and C1,α
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regular and that the singular part has Hausdorff dimension smaller than d− d∗, where d∗ ≥ 3 is the minimal
dimension allowing the existence of minimal conic solutions to the bow-up problem.

Next, in [53] we examined the link between this and the problem of regularity of the free boundary for a
vector-valued Bernoulli problem, with no sign assumptions on the boundary data. More precisely, given an
open, smooth set of finite measure D ⊂ Rd, Λ > 0 and ϕi ∈ H1/2(∂D), we deal with

min

{
k∑
i=1

∫
D
|∇vi|2 + Λ

∣∣∣ k⋃
i=1

{vi 6= 0}
∣∣∣ : vi = ϕi on ∂D

}
.

We proved that, for any optimal vector U = (u1, . . . , uk), the free boundary ∂(∪ki=1{ui 6= 0})∩D is made of a
regular part, which is relatively open and locally the graph of a C∞ function, a (one-phase) singular part, of
Hausdorff dimension at most d− d∗, for a d∗ ∈ {5, 6, 7}, and by a set of branching (two-phase) points, which
is relatively closed and of finite Hd−1 measure having a stratified structure itself.

Knowledge and technology transfer

The research team has carried out an intense activity of dissemination and transfer of knowledge, mainly
within the academia. During the project, we co-sponsored and co-organize several major events or sessions
within major scientific conferences and we ran a weekly seminar (https://compaterc.wordpress.com/seminars/).
All activities are described in the Project website: https://compaterc.wordpress.com/

• First COMPATERC meeting: February 2014, 25-26, Sala Verde Rettorato, Università degli Studi di
Torino
• Conference “Complex Patterns in nonlinear phenomena”, Aula Magna, Università degli Studi di

Torino, Torino, January 2015, 26th-30th. (www.cpnpconference.wordpress.com)
• INdAM Meeting of European Women in Mathematics: the 17th EWM General Meeting, Thematic

Session Nonlinear PDEs, Il Palazzone in Cortona, August 31st-September 4th, 2015
(http://www.europeanwomeninmaths.org/activities/conference/17th-ewm-general-meeting-cortona-2015)
• Autumn School on ODEs and Dynamical Systems, Università degli Studi di Torino, November 24-27,

2015.webpage: https://sites.google.com/site/asodys2015/home
• Bruxelles-Torino talks in PDE’s, Department of Mathematics “Giuseppe Peano”, Università degli

studi di Torino, May 2-5, 2016. https://brutopdes.wordpress.com/
• PDE’s at the Grand Paradis, International Conference on Variational Methods and non linear PDE’s,

Cogne, Auditorium Biblioteca, June 20-24, 2016.
http://www.mat.uniroma2.it/damascel/cogne2016/index.shtml
• Women and Research in Mathematics: the contribution of SISSA. SISSA, Trieste, September 7-8-9,

2016.
• Asymptotic Patterns in Variational Problems: PDE and Geometric Aspects (16w5065), Banff Inter-

national Research Center, Casa Matematica Oaxaca, Mexico, september 25-30 2016
http://www.birs.ca/events/2016/5-day-workshops/16w5065
• Roma Caput PDE, Roma, January 23 - 26, 2017

https://sites.google.com/site/romacaputpde/
• James SERRIN: from His legacy to the new frontiers, Dipartimento di Matematica e Informatica,

Università degli Studi di Perugia Perugia, January 30 - February 3, 2017
http://www.dmi.unipg.it/serrinconference2017/
• Workshop on Celestial Mechanics, Torino, April 4–7 2017
• Workshop Young PDE’s@Roma February 19-22, 2018, Dipartimento SBAI, La Sapienza Università di

Roma
https://sites.google.com/a/uniroma1.it/young/
• SDSM 2017 Satellite Dynamics and Space Missions: Theory and Applications of Celestial Mechanics,

San Martino al Cimino August 28- September 1 2017,
http://adams.dm.unipi.it/ simca/sdsm2017/
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• Intensive Week of PDEs at Spa, Spa (Belgium) from December 11, 2017 to December 15, 2017
• Miniworkshop in Celestial Mechanics Turin, 18-19/12/2017
• Interaction models: Mean Field Games, pattern formation and related topics January 25-26, 2018 -

Dipartimento di Matematica ”Tullio Levi-Civita”, Università degli Studi di Padova (Gianmaria Verzini
organizer)
• ICM 2018 Satellite conference on Nonlinear Partial Differential Equations, Fortaleza, Brazil, 23-27

July 2018 (Hugo Tavares organizer)
• Nonlinear Meeting in Turin 2019, Università degli Studi di Torino, January 31 - February 1, 2019

(https://sites.google.com/view/nlmt2019)

Equally intense has been the activity of scientific communication and dissemination of the results through
invited talks in seminars and conferences. Here below is the list of invited seminars held by the PI:

2014 – African Institute of Mathematical Sciences, Colloquium, February 2014
– Workshop on Symplectic Dynamics and Hamiltonian Systems (SyHaS), Chern Institute of Math-

ematics (CIM), Nankai University, Tianjin, China, May 19-23, 2014
– Workshop Geometric Aspects of Semilinear Elliptic and Parabolic Equations: Recent Advances

and Future Perspectives, BIRS, Banff, May 25-30, 2014
– A meeting with Louis Nirenberg, Riemann International School of Mathematics Varese, Villa

Toeplitz, June 13 2014
– Partial differential equations and nonlinearities. A conference in honor of Häım Brezis, IHP Paris

June 30-July 4 2014
– The 10th AIMS Conference on Dynamical Systems, Differential Equations and Applications,

Madrid, July 7 - 11.
– Conference Méthodes géométriques et variationnelles pour des EDPs non-linéaires, Lyon (France),

September 1-5, 2014.
– Workshop Symplectic Techniques in Topology and Dynamics University of Cologne, September

22 - 26, 2014
– Workshop Navigare fra le stelle: il satellite Gaia, una nuova rivoluzione astrofisica? Palazzo

Lascaris, sede del Consiglio Regionale del Piemonte, Turin, November 14, 2014
– Mathematics Colloquium, Justus Liebig Universität, Gießen

2015 – Congreso de la Real Sociedad Matématica Española, special session session Nonlinear Analysis
and Elliptic PDEs, Granada, February 2–6 2015

– Winter School and Workshop Spectral theory and shape optimization problems for elliptic PDEs
University of di Milano-Bicocca, February 9-13

– Conference Nonlinear Elliptic PDEs at the and of the World, Universidad de Magallanes, Punta
Arenas, Chile February 2 - 6, 2015

– Seminar, Laboratoire Jean Kuntzmann, Université Joseph Fourier, Grenoble, March 26, 2015
– Workshop Geometric and spectral Analysis Université Aix-Marseille, April 13–15, 2015
– One day in PDEs, Gran Sasso Science Institute, L’Aquila, April 20, 2015
– Workshop Recent trends in geometric analysis, Carry-Le-Rouet (F), June 1-5, 2015
– AMS-EMS-SPM meeting, Porto (Portugal), June 10-13 2015,
– Workshop Nonlinear meeting in Turin, University of Turin, June 16-17, 2015
– Workshop Shape optimization and spectral geometry, ICMS, Edinburgh, 29 June 3 July 2015
– Workshop New advances in PDE’s, Inverse Problems and Control Theory, University of Parma,

July 6-10, 2015
– BCAM Workshop on Harmonic Analysis and PDEs, Basque Center for Applied Mathematics,

Bilbao, July 13-17 2015
– Symplectic Techniques in Topology and Dynamics 2015, Cologne, August 24-28 2015, A varia-

tional approach to colliding solutions in celestial mechanics
– Workshop on Nonlinear PDEs, September 7-11 2015, Université Libre de Bruxelles, Existence

and regularity of solutions to optimal partition problems involving Laplacian eigenvalues
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– VII Symposium on Nonlinear Analysis, Toruń, September 14-18, 2015, Liouville theorems and
qualitative properties of solutions to competitive systems with several components

– PDE 2015 - Theory and Applications of Partial Differential Equations, November 30 to December
4, 2015, WIAS Berlin, Entire solutions and spiralling asymptotic profiles of competition-diffusion
systems

2016 – Institut für Mathematik, Goethe-Universität Frankfurt, February 3, 2016, Entire solutions and
spiralling asymptotic profiles of competition-diffusion systems

– Workshop on Symplectic Geometry, Contact Geometry, and Interactions, University of Augsburg,
February 25-27 2016, Scattering parabolic solutions for the spatial N-centre problem

– Dipartimento di Matematica “Guido Castelnuovo”, Università Sapienza Roma, April 11 2016,
Entire solutions and spiralling asymptotic profiles of competition-diffusion systems

– Recent Trends in Differential Equations, University of Aveiro, June 27-29 2016, Scattering para-
bolic solutions for the spatial N-centre problem

– Calculus of Variations, Mathematisches Forschungsinstitut Oberwolfach, July 10-16 2016, Regu-
larity of the optimal sets for spectral functionals

– New trends in Partial Differential Equations, Centro di Ricerca Matematica Ennio De Giorgi,
Pisa October 3-7 2016, Entire solutions and spiraling asymptotic profiles of competition-diffusion
systems

– Shape Optimization, Isoperimetric and Functional Inequalities, Centre International de Rencon-
tres Mathématiques, Luminy, Marseille, November 21-15, 2016, Regularity of the optimal sets for
spectral functionals - Part I

– Università di Udine, Colloquim, November 8 2016, Aspetti geometrici nella separazione di fase
– Workshop in Mathematical Physics, ETH Hönggerberg, November 28-30, 2016, Geometric Aspects

of Phase Separation
– Workshop on Nonlinear PDE’sand Mathematical Physics, Tsinghua Sanya International Mathe-

matics Forum December 5-9, 2016, Geometric Aspects of Phase Separation
2017 – JAMES SERRIN: FROM HIS LEGACY TO THE NEW FRONTIERS, Perugia, January 30

- February 3, 2017, Entire solutions and spiralling asymptotic profiles of competition-diffusion
systems

– Seminario di Analisi, Dipartimento di Matematica e Applicazioni “Renato Caccioppoli”, Napoli,
February 9 2017, Geometric Aspects of Phase Separation

– A day in Nonlinear Analysis, Università di Napoli Federico II, March 2 2017, Parabolic solutions
for the spatial N-centre problem

– Colloquium del Dipartimento di Matematica, Università di Roma Tor Vergata, March 7 2017, A
survey on the variational approach to the N-body problem

– Università Cattolica del Sacro Cuore, Dipartimento di Matematica e Fisica “Niccolò Tartaglia”,
Brescia, April 7 2017 On s-harmonic functions on cones

– Women in PDEs@Karlsruhe, KIT, Karlsruhe, Germany, April 27-28 2017, A survey on the vari-
ational approach to the N-body problem

– Nonlinear diffusion and free boundary problems. A conference on the occasion of Juan Luis
Vázquez 70th anniversary Universidad Autónoma de Madrid, May 16-19 2017, On s-harmonic
functions on cones

– Workshop Geometric Properties of Local and non-Local PDEs, CMO-BIRS program, Casa Matemática
Oaxaca, Oaxaca, Mexico, May 22-26 2017, On s-harmonic functions on cones

– The First Joint IMU-INdAM Conference in Analysis Tel Aviv (Israel) May 29 - June 1, 2017,
�Geometric Aspects of Phase Separation

– Workshop Emerging issues in nonlinear elliptic equations: Singularities, singular perturbations
and non local problems, June 18 - 23, 2017 Mathematical Research and Conference Center
Bȩdlewo, Poland, Geometric Aspects of Phase Separation
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– Nonlinear Analysis Conference, University of Notre Dame Rome Gateway, Roma, June 26-30,
2017 Regularity of the optimal sets for spectral functionals

– Two nonlinear days in Urbino 2017 Università degli Studi di Urbino Carlo Bo, July 6-7 2017, On
s-harmonic functions on cones

– CELMEC VII, The Seventh International Meeting on Celestial Mechanics, San Martino al Cimino
(VT), September 3-9, 2017, Plenary conference, Parabolic trajectories and symbolic dynamics: a
survey on the variational approach to the N-body and N-centre problem

– Faculdade de Ciências, Universidade de Lisboa, September 11, 2017 , On s-harmonic functions
on cones

– Seminario Matematico e Fisico di Milano, Dipartimento di Matematica del Politecnico di Milano,
October 6, 2017 Spiralling solutions in limiting profiles of competition-diffusion systems

– Analysis and Dynamics, Conference in occasion of Luigi Chierchia’s 60’ Birthday, Marina di San
Gregorio, Lecce, 12-15 October 2017, Parabolic trajectories and symbolic dynamics: a survey on
the variational approach to the N-body and N-centre problem

– Workshop on Hamiltonian Systems, October 29, to November 3, 2017, Centro Congressi Stefano
Franscini (CSF), Ascona, Switzerland, Parabolic trajectories and symbolic dynamics: a survey on
the variational approach to the N-body and N-centre problem

– Institut für Mathematik der Universität Augsburg, Oberseminar Differentialgeometrie, November
13, 2017, Augsburg, Germany, Parabolic trajectories and symbolic dynamics: a survey on the
variational approach to the N-body and N-centre problem

– Gran Sasso Science Institute, Mathematics of Natural, Social and Life Sciences, December 7,
2017, Spiralling and other solutions in limiting profiles of competition diffusion systems

2018 – 2nd Italian-Chilean Workshop in PDE’s, INDAM, Rome, January 15-19, 2018, The nodal set of
solutions to some semilinear equations with sublinear, discontinuous, or singular nonlinearities

– Hausdorff Kolloquium, Hausdorff Center for Mathematics, Bonn, January 24, 2018 Spiralling
and other solutions in limiting profiles of competition diffusion systems

– Interaction models: Mean Field Games, pattern formation and related topics, Dipartimento di
Matematica “Tullio Levi-Civita”, Università degli Studi di Padova, January 25-26, 2018 Spiralling
and other solutions in limiting profiles of competition diffusion systems

– Seminaire d’Analyse Mathématique, École Politechnique Fédérale de Lausanne, March 2nd, 2018,
Spiralling and other solutions in limiting profiles of competition diffusion systems

– Nonlinear Days in New York, CUNY Graduate Center, April 25-27, 2018, The nodal set of
solutions to some semilinear equations with sublinear, discontinuous, or singular nonlinearities

– Women in Applied and Computational Mathematics, GSSI, L’Aquila, May 9-11 2018, Regularity
of the free boundary for the vectorial Bernoulli problem

– Eigenvalues and Inequalities, Institut Mittag-Leffler, May 14-19 2018, Regularity of the free bound-
ary for the vectorial Bernoulli problem

– Perspectives in Hamiltonian Dynamics, Centro Culturale Don Orione, Venezia,June 18-22, 2018,
An index theory for asymptotic solutions to the N-body and N-centre problem

– Two days on PDEs, Bruno Pini Centenary Conference, Accademia delle Scienze dell’Istituto di
Bologna, June 21-22 2018, Regularity of the free boundary for the vectorial Bernoulli problem

– Variational Problems arising from Physics and Geometry, Rauischholzhausen Castle, Germany,
July 16-19, 2018, The nodal set of solutions to some semilinear equations with sublinear, discon-
tinuous, or singular nonlinearities

– ICM 2018 Satellite Conference on Nonlinear Partial Differential Equations, Fortaleza - Ceará
(Brazil), July 23-27 2018, Regularity of the free boundary for the vectorial Bernoulli problem

– Workshop for Women in Differential Equations, ICM 2018 Satellite Event, UFABC - Santo André
(Brazil), July 25-27, 2018, Spiralling and other solutions in limiting profiles of competition dif-
fusion systems
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– Connections for Women: Hamiltonian Systems, from topology to applications through analysis,
August 16, 2018 - August 17, 2018, MSRI, Berkeley Parabolic and collision trajectories: a survey
on the variational approach to the N-body problem

– Nonlinear Analysis and PDEs in Caserta, Università della Campania, “Luigi Vanvitelli”, Septem-
ber 10-14, 2018, On the nodal set of solutions to degenerate and singular elliptic and parabolic
equations with applications to s−harmonic and s−caloric functions

– Joint UMI-SIMAI-PTM meeting, Wroc law, Poland, September 16-20 2018, Plenary Conference,
Spiralling and other solutions in limiting profiles of competition diffusion systems

– Joint UMI-SIMAI-PTM meeting, Wroc law, Session 11, Variational and Set-valued Methods in
Differential Problems, September 18, 2018, Regularity of the free boundary for the vectorial
Bernoulli problem

– Joint UMI-SIMAI-PTM meeting, Session 21: New perspectives in singular Hamiltonian Systems,
Wroc lav, Poland, September 16-20 2018, Parabolic and collision trajectories: a survey on the
variational approach to the N-body problem

– Recent Trends in Nonlinear PDEs – MATRIX Satellite Workshop, School of Mathematics and
Statistics, the University of Sydney, November 1-3, 2018, Segregated configurations involving the
square root of the laplacian and their free boundaries

– The University of Texas at Austin, Analysis Seminar, November 15, 2018, Segregated configura-
tions involving the square root of the laplacian and their free boundaries

– Courant Institute for Mathematical Sciences, New York University, Analysis Seminar, Novem-
ber 20, 2018, Segregated configurations involving the square root of the laplacian and their free
boundaries

– Incontri di Matematica allo SBAI, La Sapienza Università di Roma, 11 Dicembre 2018, The
nodal set of solutions to some semilinear equations with sublinear, discontinuous, or singular
nonlinearities

Short courses taught by the PI

– Primo Corso Intensivo di Calcolo delle Variazioni, Catania June 9-14, 2014
– WORKSHOP ON INTERACTIONS BETWEEN DYNAMICAL SYSTEMS AND PARTIAL DIF-

FERENTIAL EQUATIONS, Barcelona, June 16-20, 2014
– CIMPA Research School Hamiltonian and Lagrangian Dynamics, Salto, Uruguay, March 10 to 19,

2015
– Summer Course UIMP 2015 Frontiers of Mathematics and Applications IV, Santander (Spain), July

20-25, 2015
– African Institute for Mathematical Sciences, Sénégal, Spring School on nonlinear PDEs, February

15-19 2016, Geometric aspects of phase separation
– Focus Program on Nonlocal Partial Differential Equations, Fields Institute, Toronto, May 24-27 2016,

Geometric aspects of phase separation
– Scuola Estiva GNFM, Ravello, September 5-10 2016, Geometric aspects of phase separation
– 2018 EWM-EMS Summer School on Nonlocal interactions in partial differential equations and geom-

etry, Institut Mittag-Leffler, May 21-25, 2018 Geometric Aspects of Phase Separation
– Recent Trends on Nonlinear PDEs of Elliptic and Parabolic Type, 5-16 November 2018, MATRIX,

Creswick (Australia), Spatial segregation with non-standard diffusions

Enhancing the immediate research environment

A number of visiting experts visited the University of Turin, invited to the various activities connected
with the project, delivering talks and lectures; among them we quote Xijun Hu, Andreas Knauf, Ezequiel
Maderna, Daniel Offin, Rafael Ortega, Ariel Salort, Alfonso Sorrentino, Lei Zhao. The post-doc hired within
the project also contributed with talks, short courses and working groups.
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Establishment and/or consolidation of the research group and team composition

Two new full time members joined the team:

• Alberto Boscaggin, was initially hired as a temporary (5 years) assistant professor from the Uni-
versity of Torino, within the project, and the promoted as tenured associate professor, a specialist of
ordinary differential equations, variational and topological methods;
• Walter Dambrosio, an associate professor from the University of Torino, whose expertise are ordi-

nary differential equations and dynamical systems, topological methods in nonlinear analysis.

They both worked actively on the existence of parabolic trajectories and symbolic dynamics (points 2.4 and
2.5 of the DOW).

The following members joined the project as external team members: Benedetta Noris (Amiens, France),
Nicola Soave (Politecnico di Milano), Alessandro Zilio (Paris Diderot, France), Laura Abatangelo
(University of Milano Bicocca).

The following junior members were added and actively worked on the various points of the project within
the Pattern Formation section. Post-docs: Guglielmo Feltrin, Guowei Yu, Eleonora Cinti, Alessan-
dro Iacopetti,, Corentin Léna, Dario Mazzoleni, Manon Nys, PhD students: Alessandro Audrito,
Gabriele Cora, Riccardo Jadanza, Matteo Sacchet, Giorgio Tortone, Stefano Vita, Gianmarco
Canneori.

Concerning the part-time team members, in the end it was not possible to realize the collaboration with
Sandro Salsa, Jung-cheng Wei and Nicola Visciglia. On the other hand, we started new collaborations with

• Xijun Hu, a full professor at Shandong University (China), expert of Maslov index and stability of
Hamiltonian Systems, with whom there is an ongoing project on point 2.3 of the project;
• Denis Bonheure, a full professor at the Université Libre de Bruxelles, expert of nonlinear PDEs,

variational methods, with whom we began a collaboration on magnetic Schrödinger equations.

Bibliography

At first we list a selection of the papers of the PI and team members, in chronological and alphabetical
order, followed by more related bibliografical references.
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[32] Laura Abatangelo, Veronica Felli, Corentin Léna, On Aharonov-Bohm Operators with Two Colliding Poles Ad-
vanced Nonlinear Studies Vol. 0/Issue 0 (2018) 1 10.1515/ans-2017-0004 https://arxiv.org/abs/1612.04236

25



ERC-2013-AdG Final Report Project No 339958 - COMPAT

[33] Laura Abatangelo, Veronica Felli, Luc Hillairet, Corentin Léna, Spectral stability under removal of small capac-
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