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1



ERC-2013-AdG Mid Term Report Project No 339958 - COMPAT

1 Abstract

This project focuses on nontrivial solutions of systems of differential equations characterized by strongly
nonlinear interactions, with a special emphasis on the two complementary chapters of Complex dynamics for
the classical N -body problem, featuring singular attractive interaction forces, and Pattern formation through
spatial segregation, with mostly repulsive interactions.

During the first term of the project, we have pursued our aim of understanding the effect of such
strong/singular nonlinearities on the emergence of non trivial self-organized structures in a methodologi-
cally unitary perspective, with a continuous exchange of strategies between the field of Hamiltonian systems
in finite dimension and that of partial differential equations and systems in infinite dimension. The emerging
patterns correspond to selected solutions of the differential system possessing special symmetries or shadowing
particular shapes. In all the cases we consider, the configuration space is typically multi-dimensional or even
infinite-dimensional, the equations are very far from being solved explicitly, and can not be seen in any extent
as perturbations of simpler (e.g. integrable) systems.

The main results we have achieved during the first period can be summarized as follows:

• discovery of new entire solutions shadowing particular shapes and related with suitable spectral problems
and/or optimal partition problems;

• unconventional classification of entire solutions and entire limiting profiles in terms of topological and/or
analytical invariants (e.g. Maslov or Morse index, limiting Almgren’s frequency, degree of an algebraic
growth rate, symmetry groups);

• full development of the asymptotic analysis of collision/ejection trajectories and of strongly competing
systems in connection with the segregation phenomenon;

• full description of the geometry of of the nodal set of optimal partition problems involving higher
eigenvalues and that of eigenfunctions of single or multipolar singular magnetic Shrödinger operators.

Besides the obvious field of celestial mechanics and dynamical astronomy, the main areas of application
of our results arise from the field of dynamics of competing biological species and other relevant physical
phenomena, among which the phase segregation in the study of multicomponent Bose-Einstein condensates.
New connections have been foreseen with the field of differential game theory (Mean Field Games). We
addressed our researches in interdisciplinary spirit, exploiting several mathematical theories: Calculus of
Variations, Equivariant Topology, Morse and Critical Point theory, qualitative and regularity theory for
elliptic, parabolic and hyperbolic PDE’s and free boundary problems. When needed, we also intend to address
the problems with the aid of numerical and computer assisted methods. The team has been reinforced in
order to largely supply all the needed expertises. Our main results have been published in a series of papers
in the major international mathematical journals. Full text access to all our papers is provided through the
project website: compaterc.wordpress.com.

2 Free Keywords

Pattern formation, N -body problem, Total Collapses, Dynamical Systems, Partial Differential Equations, Non-
linear Schrödinger equations, Competition-diffusion Systems, Optimal Partitions, Nonlinear Analysis, Varia-
tional Methods, Spatial Segregation, Morse Theory, Singular Hamiltonian Systems, Free boundary problems,
Entire solutions, Asymptotic estimates, Singular perturbation problems.
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3 Research and technological achievements and the impact and use of
them.

Here below is the analytic description of our main results. Full text access to all our papers is provided
through the project website: compaterc.wordpress.com.

Complex dynamics for the classical N-body problem

3.1 The Morse index of the Lagrangian circular orbit in a three-body problem and its
connection with linear stability via index theory

A challenging problem in the study of N -interacting particles is the stability (linear/spectral/asymptotic)
of a symmetric periodic solution in connection with its variational characterization as critical point of the
associated action or Maupertuis’ functionals. This is already an issue in the simplest possible case of relative
equilibria for the three-body problem (i.e. equilibria in a rotating frame): the Lagrange triangular solutions.

It is well known that the linear stability of the Lagrangian elliptic solutions in the classical planar three-
body problem depends on a mass parameter β and on the eccentricity of the orbit. We consider only the
case of circular solutions but under the action of a broader family of singular potentials: −α -homogeneous
potentials, for α ∈ (0, 2), and the logarithmic one.

The Lagrangian circular orbits persist also in this family of problems: this study intended to relate linear
stability (in the dynamical meaning) with Maslov and Morse indices of the iterates of the orbit, in the spirit
of a Bott-type formula. The analysis of the topological indices relies on the theory devised and developed by
Y. Long, X. Hu and S. Sun; a key role is played by an appropriate index theorem and by some new precise
computations of suitable Maslov-type indices.

First, it was discovered in [2] that the region of linear stability can be expressed in terms of the homogeneity
parameter α and the mass parameter β in an explicit manner. Next, the computation of the Morse index of
the Lagrange circular orbit, as a function of α and β, and of all its iterates showed a striking phenomenon:
the boundary of the stability region is the envelope of a family of curves on which the Morse index of the
iterates has a jump.

In the recent literature (see e.g. [43, 44]) quite general results have been established concerning the
instability of some symmetric periodic orbits for the N -body problem, in terms of a well-known symplectic
invariant called Maslov index. However only some special group actions were considered. Our project is now
to generalize the criterion already given in [34] on a central configuration to give rise to a linearly (in)stable
relative equilibrium motion and to provide a fairly general condition both on the symmetry group of the loop
space and on the Morse index of a periodic orbit for the N -body problem which ensures its linear/spectral
(in)stability.

3.2 Parabolic trajectories and symbolic dynamics for the N-center problem

Zero energy entire solutions to the full N -body problem with diverging radii are called parabolic solutions. In
spite of their natural structural instability, these fleeting orbits act as connections between different central
configurations and can be used as carriers from one to the other regions of the phase space. In the recent papers
[35, 36, 52], we have linked the presence of minimal parabolic orbits with the existence of minimal collision
trajectories and the detection of unbounded families of noncollision periodic orbits. At first, we examined
the N -centre problem, a simplified version of the restricted circular N + 1-body problem in a rotating frame,
where the centrifugal force is neglected; classically, it concerns the motion of a point mass moving under the
attraction due to N fixed centers of force c1, . . . , cN . This simplified, still highly non-trivial model serves as
a toy model to practice before attacking the full N -body problem. For the N -centre problem in the three
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dimensional space,

ẍ = −
N∑
i=1

mi
(x− ci)
|x− ci|α+2

, x ∈ R3 \ {c1, . . . , cN},

where N ≥ 2, mi > 0 and α ∈ [1, 2), we proved the existence of entire parabolic trajectories having any
pair of prescribed asymptotic directions ([27]). The proof relies on a variational argument of min-max type.
Morse index estimates and regularization techniques are used in order to rule out the possible occurrence of
collisions.

A further step in our program is to extend this result to the positive energy case (hyperbolic solutions).
Next, we shall try to exploit these trajectories as bricks in order to build more complex solutions and, finally, to
prove symbolic dynamics for both the spatial N -centre and, as a long range goal, the full N -body problems, in
all dimensions. Our final aim is to prove the existence of invariant sets containing periodic solutions, periodic
solutions arbitrarily close to collisions and scattering solutions as limits of periodic orbits with arbitrary long
period.

3.3 Morse Theory for singular Hamiltonian Systems: singularities and regularization

Our long range aim is to develop a Morse theoretical approach to periodic solutions to singular hamiltonian
systems that takes into account also the contribution of collision solutions. Such a study involves the extension
of the gradient flow at the singularity, via some suitable monotonicity lemma, and a topological balance
between collision and non collision paths. This approach should enlighten the links between the structure
of the collision solutions and the cellular decomposition of the action functional associated with the periodic
trajectories.

In order to accomplish this goal, we are now on our way to develop an index theory for parabolic and
collision solutions to the classical N-body problem and prove necessary and sufficient conditions for the
finiteness of the index valid in a large class of trajectories ending with a total collapse or expanding with
vanishing limiting velocities ([28]). Both problems suffer from a lack of compactness and can be brought in
a similar form of a Lagrangian System on the half time line by a regularizing change of coordinates which
preserves the Lagrangian structure. We will then introduce two Maslov type indices which are suitable to
capture the asymptotic nature of these trajectories as half-clinic orbits: by taking into account the underlying
Hamiltonian structure we will define appropriate notions of geometric index and asymptotic Maslov index for
this class of solutions and we shall develop the relative index theories. As an application of our theory we
will be then in a position to compute the Morse index of some collision and parabolic motions in Celestial
Mechanics. This will be the subject of a forthcoming paper.

Pattern formation through spatial segregation

3.4 Strongly competing reaction-diffusion systems and their limiting profiles

For a class of systems of semi-linear elliptic equations, including

−∆ui = fi(x, ui)− βui
∑
j 6=i

aiju
p
j , i = 1, . . . , k,

for p = 2 (variational -type interaction) or p = 1 (symmetric-type interaction), we proved that uniform L∞

boundedness of the solutions implies uniform boundedness of their Lipschitz norm as β → +∞, that is, in the
limit of strong competition ([7]). This corresponds to optimal regularity, and extends known quasi-optimal
regularity to this class of problems. The proofs rest on a new use of monotonicity formulae of Alt-Caffarelli-
Friedman and Almgren type in the variational setting, and on the Caffarelli-Jerison-Kenig almost monotonicity
formula in the symmetric one.
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We dealt as well with interior regularity issues for systems of elliptic equations of the type

−∆ui = fi,β(x)− β
∑
j 6=i

aijui|ui|p−1|uj |p+1

set in domains Ω ⊂ RN , for N ≥ 1. Our main result is the derivation of C0,α estimates that are uniform in
the competition parameter β > 0, as well as to the regularity of the nodal set of the limiting profiles obtained
for β → +∞ ([18]). The main novelty of this result resides in the non-trivial grouping of the densities: in
particular, we assume that the interaction parameters aij are only non-negative, and thus may vanish for
specific couples (i, j). As a main consequence, in the limit β → +∞, densities do not segregate pairwise in
general, but are grouped in classes which, in turn, form a mutually disjoint partition. Moreover, with respect
to the literature, we consider more general forcing terms, sign-changing solutions, and an arbitrary p > 0.
In addition, we present a regularity theory of the emerging free-boundary, defined by the interface among
different segregated groups. These equations are very common in the study of Bose-Einstein condensates and
are of key importance for the analysis of optimal partition problems related to high order eigenvalues.

3.5 Entire solutions and De Giorgi type conjecture for competition-diffusion systems

We consider solutions of the competitive elliptic system{
−∆ui = −

∑
j 6=i uiu

2
j in RN

ui > 0 in RN .

In [4] we dealt with the classification of entire solutions, according with their growth rate. The prototype
of our main results is the following: there exists a function δ = δ(k,N) ∈ N, increasing in k, such that if
(u1, . . . , uk) is a solution of the system and

u1(x) + · · ·+ uk(x) ≤ C(1 + |x|d) for every x ∈ RN ,

then d ≥ δ. This means that the number of components k of the solution imposes an increasing in k minimal
growth on the solution itself. If N = 2, the expression of δ is explicit and optimal, while in higher dimension
it can be characterized in terms of an optimal partition problem. We discuss the sharpness of our results and,
as a further step, for every N ≥ 2 we can prove the 1-dimensional symmetry of the solutions of the system
satisfying suitable assumptions, extending known results which are available for k = 2. The proofs rest upon
a blow-down analysis and on some monotonicity formulae.

In addition, we have proved in [1, 9]:

(i) that any monotone solution, with arbitrary algebraic growth at infinity, must be one-dimensional in the
case of two spatial variables;

(ii) the one dimensional symmetry for half-monotone solutions, i.e., for solutions having only one monotone
component in the two-dimensional case;

(iii) the one-dimensional symmetry and the monotonicity for entire solutions (with at most algebraic growth)
having uniform limits with respect to one variable. This result holds true in any space dimension.

All these results are new and also answer to some difficult open problems and conjectures (of De Giorgi-type
and of Gibbons-type).

Finally, for a family of nonlinear elliptic systems encompassing models arising in Bose-Einstein condensa-
tion and in nonlinear optics, we proved the symmetry of components and some Liouville-type theorems for,
possibly sign changing, entire distributional solutions. To the best of our knowledge, these are the first results
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involving sign changing solutions (and of very weak type). We also provide a precise classification result for
non-negative solutions.

Finally, we have devised a new method to construct entire solutions (cfr [13, 20, 26]). The method is
sufficiently powerful to extend the existence results already available in the literature, which are concerned
with the 2-dimensional case, while it can also be used in higher dimensions N ≥ 3. In particular, we provided
an explicit relation between orthogonal symmetry subgroups, optimal partition problems of the sphere, the
existence of solutions and their asymptotic growth. This is achieved by means of new asymptotic estimates
for competing system and new sharp versions for monotonicity formulae of Alt-Caffarelli-Friedman type.

3.6 Nodal lines of eigenfunctions of Aharonov-Bohm operators

Hamiltonians of Aharonov-Bohm type are Schrödinger operators in a planar domain, associated with a mag-
netic field concentrated at a finite number of points, called poles. The magnetic vector field is generated by
a number of infinitesimally thin solenoids orthogonal to the plane, so they are sums of multiples of Dirac
delta distributions at the poles. The resulting magnetic Schrödinger equation describes the motion of a non
relativistic, spinless and charged quantum particle constrained in an infinite potential well and interacting
with the point magnetic field. The moving particle will be affected by the magnetic potential, although it
remains in a region where the magnetic field is zero. This is the Aharonov-Bohm effect; we can also think at
the particle as being affected by the non-trivial topology of the domain. In the papers [6, 8, 14] we investigated
the behaviour of the nodal lines of the corresponding ground or excited states, which correspond to forbid-
den lines for the particle. We emphasize that ground and excited states and their nodal configurations are
studied as functions of the poles configuration in the disk, with a particular focus on the critical and extremal
configurations of the singularities.

At first, we investigated the behavior of eigenvalues for magnetic Aharonov-Bohm operators with half-
integer circulation and Dirichlet boundary conditions in a planar domain. The analysis of the leading term in
the Taylor expansion of the eigenvalue function as the pole moves in the interior of the domain, showed that
it is a harmonic homogeneous polynomial. Moreover, it was possible to detect its exact coefficients.

Next we studied the exact rate of convergence of the magnetic eigenvalues when the pole goes to the
boundary of the domain. We found that this rate of convergence is related to the number of nodal lines of
the limit eigenfunction (the eigenfunction of the Laplacian) ending at the limit point. Moreover the exact
constant in the convergence can be determined by considering some limit profile (profile that would give a
good approximation of the magnetic eigenfunctions at the limit). This limit profile is constructed by making
use of cracks. With such techniques we also succeeded to give a sign to the convergence: when the pole goes
to the boundary along a tangent to a nodal line of the limit eigenfunction, the magnetic eigenvalue is smaller
than the eigenvalue of the Laplacian, and conversely when the pole moves on the tangent of a bisector between
two nodal lines, the magnetic eigenvalue is higher. All the proofs rely also on an Almgren type monotonicity
formula adapted to magnetic eigenfunctions.

3.7 N-pole Aharonov-Bohm operators and optimal partitions

The eigenvalues and nodal partitions of these operators are linked with optimal partitions for Dirichlet-
Laplacian eigenvalues. We are studying the way the eigenvalues of the operators depend on the position
of the poles. In particular, we are looking for sharp asymptotic expansions when two poles collapse. This
work leadsus to revisit spectral stability results for Dirichlet-Laplacian eigenvalues, under the removal of small
capacity sets. It has not yet produced a publication, but significant parts of it are currently under completion.
As a next step, we wish to investigate the interaction between phase segregation and vortex formation with a
special focus on the interaction between phase segregation and vortex/poles location, which needs a new type
of asymptotic analysis.
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3.8 Anomalous diffusions and non local interactions

In the recent preprint [27] we considered a competition-diffusion blow-up system involving the fractional
Laplacian of the form 

(−∆)su = −uv2,
(−∆)sv = −vu2,
u, v > 0 in RN ,

with s ∈ (0, 1). Let a = 1− 2s: as it is well known, the system is related with the following
Lau = Lav = 0, in RN+1

+ ,

u, v > 0, in RN+1
+ ,

−∂ayu = uv2, −∂ayv = vu2, in ∂RN+1
+ ,

where the degenerate/singular elliptic operator La is defined as

−Lau := div(ya∇u),

and the linear operator ∂ay is defined as

−∂ayu := lim
y→0+

ya
∂u

∂y
.

We proved that the maximal asymptotic growth rate for the entire solutions to the local realization is 2s.
Moreover, since we are able to construct symmetric solutions to the problem, when N = 2 with prescribed
growth arbitrarily close to the critical one, we can conclude that the asymptotic bound found is optimal.
Finally, we prove existence of genuinely higher dimensional solutions when N ≥ 3. Fractional Laplacians arise
in some models of enhanced anomalous diffusion, when the Gaussian statistics of the classical Brownian motion
is replaced by a different one, allowing the Lévy jumps (or flights). As such operators are of real interest
both in population dynamics and in relativistic quantum electrodynamics, we plan to extend the theory in
this direction. The asymptotic analysis and the study of the nodal set in case of fractional laplacians are very
challenging issues, because of the genuinely non-local nature of the problem.

Next step will be to attack other type of physically relevant nonlocalities arise when either the inter or/and
the intraspecific interactions involve the convolution with a (hard core) potential. Such kinds of interactions
are of physical interest and produce, in the competitive limit, regions where all the wave functions vanish. The
corresponding optimal partition problem involves supports having constant distance. We are now working to
extend the asymptotic estimates and regularity of the nodal set to such a case. It is also natural to wonder
whether there are Hlder bounds holding uniformly for such nonlocal interactions up to the limiting pointwise
(delta) ones.

3.9 Dynamical issues: coexistence versus extintion

On a given domain, the existence of non-trivial (i.e. with all nonzero components) segregated solutions
obtained as limiting configurations of strongly competing systems is very challenging issue. In general, we
cannot expect to avoid extinction of one or more species, as pointed out in [46] for convex domains. On the
other hand, in [20], several sufficient conditions were given for a system with mixed competition-cooperation
interactions, that guarantee the existence of nontrivial coexistence stationary solutions.

A very interesting problem, in a long term, is the study of the stability of the solutions with separate phases,
with respect to the original dynamical Gross-Pitaevskǐı system. This is an extremely challenging problem, for
it requires a completely new approach: indeed, the free boundary techniques, well known for the elliptic and
parabolic problems, are not available for hyperbolic systems. To start with this program in [10], we considered
normalized solitary waves for Nonlinear Schrödinger systems, which serve as a first step to investigate the
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emerging patterns in the evolution of competitive Schrödinger systems. For the cubic Schrödinger system
with trapping potentials in two and three space dimensions, or in bounded domains, we investigated the
existence and the orbital stability of standing waves having components with prescribed L2-mass. We provide
a variational characterization of such solutions, which gives information on the stability through a condition of
Grillakis-Shatah-Strauss type. As an application, we show existence of conditionally orbitally stable solitary
waves when: a) the masses are small, for almost every scattering lengths, and b) in the defocusing, weakly
interacting case, for any masses.

3.10 Optimal partitions for eigenvalues

A class of problems, strictly connected with pattern formation, concerns the theory for optimal partitions
related with linear and nonlinear eigenvalue problems. Some issues are related to the existence of classical
(open) solutions, as well as the regularity of the boundary of the partition. As Hadamard’s boundary variation
formula can not be used in this generality, also the extremality conditions across the interface have to be
determined. The analysis carried in the recent paper [51] for the limiting profiles of strongly competing
Schrödinger equations suggests that a reasonable substitute of Hadamard’s could be the validity of the domain
variations formula. This approach has been extended in [15] in order to cover the general setting of optimal
partitions involving combinations of higher eigenvalues.

Here is our result. Let Ω ⊂ RN be an open bounded domain and m ∈ N. Given k1, . . . , km ∈ N, we
consider a wide class of optimal partition problems involving Dirichlet eigenvalues of elliptic operators, of the
following form

inf {F (λk1(ω1), . . . , λkm(ωm)) : (ω1, . . . , ωm) ∈ Pm(Ω)} ,
where λki(ωi) denotes the ki–th eigenvalue of (−∆, H1

0 (ωi)) counting multiplicities, and Pm(Ω) is the set of
all open partitions of Ω, namely

Pm(Ω) = {(ω1, . . . , ωm) : ωi ⊂ Ωopen, ωi ∩ ωj = ∅ ∀i 6= j} .

While existence of a quasi-open optimal partition (ω1, . . . , ωm) follows from a general result by Bucur, Buttazzo
and Henrot ([37]), we succeeding in solving the optimal partition problem in the class of open sets. Moreover,
we were able to associate with such minimal partitions and their eigenfunctions some suitable extremality
conditions and to exploit them, proving as well the Lipschitz continuity of some eigenfunctions, and regularity
of the partition in the sense that the free boundary ∪mi=1∂ωi ∩ Ω is, up to a residual set, locally a C1,α

hypersurface.
Another relevant class of problems concerns the determination of the actual optimal partitions and the

study of their features, such as uniqueness and symmetries. Optimal partitions related with the first eigenvalue
are the easiest to deal with (see e.g. [42]). We have performed numerical studies of a minimal partition problem
for Dirichlet-Laplacian eigenvalues, together with Virginie Bonnaillie-Noël in Paris ([23]). We have written
a paper that describes in detail these minimal partitions on a flat two-dimensional rectangular torus, with a
variable aspect ratio. We combined in this work theoretical arguments with numerical simulations, and we
obtained in this way families of good competitors to be minimal partitions ([24]).

3.11 Solutions to nonlinear differential equations related with optimal partitions

A new research line concerns solutions of nonlinear PDEs emanating from solutions to nonlinear optimal
partitions in different contexts, such as supercritical Emden-Fowler and Schrödinger equations. This new
perspective has been adopted in [19] in order to study the Neumann problem

−∆u+ u = up in B1

u > 0, in B1

∂νu = 0 on ∂B1
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This point of view has been particularly fruitful in proving the existence of multiple-layer radial solutions as
p → +∞. In a similar way, exploiting a link with optimal partitions on the real line, we were able to show
the existence of infinitely many positive solutions, defined on the real line, for the cubic scalar Scrödinger
equation

ü+ (a+(t)− µa−(t))u3 = 0,

where a is a periodic, sign-changing function, and the parameter µ > 0 is large ([5]). Such solutions are
characterized by the fact of being either small or large in each interval of positivity of a. In this way, we found
periodic solutions, having minimal period arbitrarily large, and bounded non-periodic solutions, exhibiting a
complex behavior. The proof is variational, exploiting suitable natural constraints of Nehari type.

4 Novel and/or unconventional methodologies

4.1 Complex dynamics for the classical N-body problems

Our systematic Morse theoretical approach to the N -body and other problems in Celestial Mechanics yielded
several methodological innovations, having a generality that goes beyond the specific applications.

A first example concerns the connection between stability and Morse/Maslov index theories. It is well
established that, in many contests, linear instability of a symmetric periodic orbit is linked with the Morse
or Maslov indices of its first and second iterates (see the recent literatur, e.g, [43, ?, ?, 44]). Surprisingly, we
have discovered that, for the family of simple Lagrange circular solutions with α-homogeneous potentials, the
boundary of the stability region is the envelope of a family of curves on which the Morse indices of the k-th
iterate has a jump ([2]). This opens new perspectives on the validity of general Bott and Gutzwiller type
formulæ.

Another example, in the Celestial Mechanics context, concerns the existence of spatial, noncollision, entire
parabolic solutions that has been achieved through a joint use of energy and Morse index estimates, via an
approximation argument in a recent preprint [27]. Indeed, while it is nowadays well established that minimal
trajectories have a tendency to avoid collisions, much less was known about the contribution of the number
and nature of collisions and the jumps in the Morse index of the trajectory, seen as a geodesics of the Jacobi
metric. Similar considerations run through the analysis of the Morse/Maslov index of collision and parabolic
trajectories. The number and nature of collision instants appears to be directly connected with the Morse
index of the solutions (cfr [28]). This discovery reinforces our determination in developing a Morse theoretical
approach to periodic solutions to singular Hamiltonian systems that takes into account also the contribution
of collision solutions. Such a study will involve the extension of the gradient flow at the singularity, via some
suitable monotonicity lemma, and a topological balance between collision and non collision paths

4.2 Pattern formation trough competition-diffusion

A major achievement, from the methodological point of view, is that we have strengthened and deepened
the links between the various aspects involved in the study of pattern formation trough competition-diffusion
phenomena namely:

(i) spectral theory,

(ii) behaviour of eigenfunctions of singular Hamiltonians,

(iii) asymptotic analysis of strongly competing elliptic systems,

(iv) existence and growth rate of entire solutions of reaction-diffusion systems,

(v) measure theoretical and geometrical properties of the nodal region of the optimal partition.

9
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Establishing these links requires an innovative use of domain variations and monotonicity formulæ, possibly
with a remainder term, as a key tool of the asymptotic analysis. In a similar perspective, new existence results
of complex solutions to nonlinear elliptic equations were derived in connection with optimal partitions patters
by shadowing arguments of variational nature.

Ultimately, the optimality properties of sets with respect to cost functions involving the Dirichlet eigen-
values have shown to play a crucial role in the methodological side of the project. As a consequence, we feel
we should further strengthen the link with the shape optimization and free boundary research fields, as the
development of project could benefit from the interchange of attack strategies.

5 Inter and cross disciplinary developments

A major part of the project concerns models where several physical variables can be described by a certain
number of densities (of mass, population, probability, ...) distributed in a domain and subject to laws
of diffusion, reaction, and competitive interaction. Whenever the competitive interaction is the prevailing
phenomenon, the several densities can not coexist and tend to segregate, hence determining a partition of the
domain (Gause’s experimental principle of competitive exclusion (1932)). As a model problem, we consider
the system of stationary equations

−∆ui = fi(ui)− βui
∑
j 6=i

gij(uj) ui > 0 , i = 1, . . . , k.

The cases gij(s) = βijs (Lotka-Volterra competitive interactions) and gij(s) = βijs
2 (gradient system

for Gross-Pitaevsǩıi energies) are of particular interest in the applications to population dynamics [50] and
theoretical physics [41, 45] respectively. A prototype for systems with gradient structure is the Gross-Pitaevskǐı
system, which describes the solitary waves and the ground states of a system of nonlinear Schrödinger equations
modelling the Bose-Einstein condensation phenomenon with different hyperfine spin states ([31, 32, 33, 38]).
In the mean-field regime, the many-component Bose-Einstein condensate at zero temperature is described in
terms of many wave functions (order parameters), ψi, respectively representing the ith component. The total
energy of the system takes the following form

E =

∫ k∑
i=1

|∇ψi − iAψi|2 + V (r)|ψi|2 +

k∑
i,j=1

βij |ψi|2|ψj |2 ,

where A is the magnetic potential and V (r) is the electric potential. According to the respective values of
βij and the other parameters, such as the magnetic field intensity or the locations of its concentration points,
the ground states exhibit very different properties in terms of their nodal regions, shape of the bulk, defects
and coexistence of the components or spatial separation.

Two (or many) components BECs and the topological excitations within have been experimentally realised
and appear in the physical literature in a number of configurations: a single isotope that is in two different
hyperfine spin states, two different isotopes of the same atom or isotopes of two different atoms (cfr the
references in [30]).

A related system is the following:

−ν∆ui + gi(u
2
j )ui = λiui,

∫
Ω
u2
i = 1, 1 ≤ i 6= j ≤ 2,

which is obtained, via the Hopf-Cole transformation, from a two-populations ergodic Mean Field Games
(briefly MFG) system, which describes Nash equilibria in differential games with identical players. In these
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models, each population consists of a very large number of indistinguishable rational agents, aiming at min-
imizing some long-time average criterion. MFG is a branch of Dynamic Games which has been proposed
independently by Lasry, Lions [47, 48, 49] and Caines, Huang, Malhamé [39, 40] in the engineering community,
with the aim of modeling and analyzing decision processes involving a very large number of indistinguishable
rational agents. In MFG with two (or more) competing populations, every individual of the i-th population
is represented by a typical agent, and whose state is driven by a controlled stochastic differential equation,
with a cost which depends only on the j-th population. The system we consider is obtained in the case of a
quadratic, long time average cost. For this system we obtained the existence of families of nontrivial Nash
equilibria, depending on the viscosity parameter ν. Furthermore we investigated the appearing of segregation
in the vanishing viscosity limit ν → 0, proving uniform bounds in the variational case gi(s) = γis and in the
general case in dimension one (cfr [17]).

6 Knowledge and technology transfer

The research team has carried out an intense activity of dissemination and transfer of knowledge, mainly within
the academia. During the first period, we co-sponsored and co-organize several major events or sessions within
major scientific conferences and we ran a weekly seminar (https://compaterc.wordpress.com/seminars/). All
activities are described in the Project website: https://compaterc.wordpress.com/

• First COMPATERC meeting: February 2014, 25-26, Sala Verde Rettorato, Universit degli Studi di
Torino

• Conference “Complex Patterns in nonlinear phenomena”, Aula Magna, Università degli Studi di Torino,
Torino, January 2015, 26th-30th. (www.cpnpconference.wordpress.com)

• INdAM Meeting of European Women in Mathematics: the 17th EWM General Meeting, Thematic Ses-
sion Nonlinear PDEs, Il Palazzone in Cortona, August 31st-September 4th, 2015
(http://www.europeanwomeninmaths.org/activities/conference/17th-ewm-general-meeting-cortona-2015)

• Autumn School on ODEs and Dynamical Systems, Università degli Studi di Torino, November 24-27,
2015.webpage: https://sites.google.com/site/asodys2015/home

• Bruxelles-Torino talks in PDE?s, Department of Mathematics “Giuseppe Peano”, Università degli studi
di Torino, May 2-5, 2016. https://brutopdes.wordpress.com/

• PDE?s at the Grand Paradis, International Conference on Variational Methods and non linear PDE?s,
Cogne, Auditorium Biblioteca, June 20-24, 2016.
http://www.mat.uniroma2.it/damascel/cogne2016/index.shtml

Equally intense has been the activity of scientific communication and dissemination of the results through
invited talks in seminars and conferences. Here below is the list of invited seminars held by the PI:

2014 – African Institute of Mathematical Sciences, Colloquium, February 2014

– Workshop on Symplectic Dynamics and Hamiltonian Systems (SyHaS), Chern Institute of Mathe-
matics (CIM), Nankai University, Tianjin, China, May 19-23, 2014

– Workshop Geometric Aspects of Semilinear Elliptic and Parabolic Equations: Recent Advances and
Future Perspectives, BIRS, Banff, May 25-30, 2014

– A meeting with Louis Nirenberg, Riemann International School of Mathematics Varese, Villa
Toeplitz, June 13 2014
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– Partial differential equations and nonlinearities. A conference in honor of Häım Brezis, IHP Paris
June 30-July 4 2014

– The 10th AIMS Conference on Dynamical Systems, Differential Equations and Applications, Madrid,
July 7 - 11,

– Conference Méthodes géométriques et variationnelles pour des EDPs non-linéaires, Lyon (France),
September 1-5, 2014.

– Workshop Symplectic Techniques in Topology and Dynamics University of Cologne, September 22
- 26, 2014

– Workshop Navigare fra le stelle: il satellite Gaia, una nuova rivoluzione astrofisica? Palazzo
Lascaris, sede del Consiglio Regionale del Piemonte, Turin, november 14

– Mathematics Colloquium, Justus Liebig Universität, Gießen

2015 – Congreso de la Real Sociedad Matématica Española, special session session Nonlinear Analysis and
Elliptic PDEs, Granada, February 2–6 2015

– Winter School and Workshop Spectral theory and shape optimization problems for elliptic PDEs
University of di Milano-Bicocca, February 9-13

– Conference Nonlinear Elliptic PDEs at the and of the World, Universidad de Magallanes, Punta
Arenas, Chile February 2 - 6, 2015

– Seminar, Laboratoire Jean Kuntzmann, Université Joseph Fourier, Grenoble, March 26, 2015

– Workshop Geometric and spectral Analysis Université Aix-Marseille, April 13–15, 2015

– One day in PDEs, Gran Sasso Science Institute, L’Aquila, April 20, 2015

– Workshop Recent trends in geometric analysis, Carry-Le-Rouet (F), June 1-5, 2015

– AMS-EMS-SPM meeting, Porto (Portugal), June 10-13 2015,

– Workshop Nonlinear meeting in Turin, University of Turin, June 16-17, 2015

– Workshop Shape optimization and spectral geometry, ICMS, Edinburgh, 29 June 3 July 2015

– Workshop New advances in PDE’s, Inverse Problems and Control Theory, University of Parma,
July 6-10, 2015

– BCAM Workshop on Harmonic Analysis and PDEs, Basque Center for Applied Mathematics,
Bilbao, July 13-17 2015

– Symplectic Techniques in Topology and Dynamics 2015, Cologne, August 24-28 2015, A variational
approach to colliding solutions in celestial mechanics

– Workshop on Nonlinear PDEs, September 7-11 2015, Université Libre de Bruxelles, Existence and
regularity of solutions to optimal partition problems involving Laplacian eigenvalues

– VII Symposium on Nonlinear Analysis, Toruń, September 14-18, 2015, Liouville theorems and
qualitative properties of solutions to competitive systems with several components

– PDE 2015 - Theory and Applications of Partial Differential Equations, November 30 to December
4, 2015, WIAS Berlin, Entire solutions and spiralling asymptotic profiles of competition-diffusion
systems

2016 – Institut für Mathematik, Goethe-Universität Frankfurt, February 3, 2016, Entire solutions and
spiralling asymptotic profiles of competition-diffusion systems

– Workshop on Symplectic Geometry, Contact Geometry, and Interactions, University of Augsburg,
February 25-27 2016, Scattering parabolic solutions for the spatial N-centre problem
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– Dipartimento di Matematica “Guido Castelnuovo”, Università Sapienza Roma, 11 Aprile 2016,
Entire solutions and spiralling asymptotic profiles of competition-diffusion systems

– Recent Trends in Differential Equations, University of Aveiro, June 27-29 2016, Scattering parabolic
solutions for the spatial N-centre problem

– Calculus of Variations, Mathematisches Forschungsinstitut Oberwolfach, July 10-16 2016, Regular-
ity of the optimal sets for spectral functionals

7 Establishment and/or consolidation of the research group and team
composition

Two new full time members joined the team:

• Alberto Boscaggin, a temporary (5 years) assistant professor from the University of Torino, hired
within the project, a specialist of ordinary differential equations, variational and topological methods;

• Walter Dambrosio, an associate professor from the University of Torino, whose expertise are ordinary
differential equations and dynamical systems, topological methods in nonlinear analysis.

They both worked actively on the existence of parabolic trajectories and symbolic dynamics (points 2.4 and
2.5 of the DOW).

The following junionr members were added and actively worked on the various points of the project within
the Pattern Formation section.
Post-docs: Laura Abatangelo, Benedetta Noris, Corentin Léna, Dario Mazzoleni, Manon Nys,
Nicola Soave, Alessandro Zilio; PhD students: Alessandro Audrito, Gabriele Cora,Riccardo Jadanza,
Matteo Sacchet, Giorgio Tortone, Stefano Vita.

Concerning the part-time team members, in the end it was not possible to realize the collaboration with
Sandro Salsa, Jung-cheng Wei and Nicola Visciglia. On the other hand, we started new collaborations with

• Xijun Hu, a full professor at Shandong University (China), expert of Maslov index and stability of
Hamiltonian Systems, with whom there is an ongoing project on point 2.3 of the project;

• Denis Bonheure, a full professor at the Université Libre de Bruxelles, expert of nonlinear PDEs,
variational methods, with whom we began a collaboration on magnetic Schrödinger equations.
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